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Abstract

This paper presents a novel framework for understanding the continuum through
a dual hierarchy of infinitesimals, denoted by ¢;, in one-to-one correspondence with
Cantor’s aleph numbers N;. While traditional set theory emphasizes hierarchies of
cardinality and size, we introduce a mirrored structure capturing the granularity of
resolution and infinitesimal differentiation. The e-hierarchy is developed analogously to
the N-hierarchy, extending through ordinal-indexed infinitesimals and enabling rigorous
mathematical treatment of non-Archimedean textures of the continuum. We build
this framework into various domains: logic, differential geometry, category theory,
quantum field theory, and set-theoretic foundations. The paper formalizes e-indexed
versions of forcing, sheaf structures, internal toposes, and large cardinals, while offering
applications to black hole singularities, entropy bounds, and homotopy type theory. By
grounding infinitesimal behavior in a formal logical and categorical context, this work
proposes a comprehensive foundation for exploring resolution-aware mathematics and

physics, with potential to bridge analytic and transfinite regimes.

1 Introduction

The mathematical notion of the continuum has historically been understood through the

lens of the real number line R. From the time of Euclid to modern analysis, the continuum



has been associated with a continuous unbroken line, embodying both geometric intuition
and arithmetic precision. However, in the late 19th century, Georg Cantor revolutionized
our understanding of the infinite by introducing a hierarchy of infinite cardinalities. Central
to his work was the notion that not all infinities are equal. The set of natural numbers N,
for example, has cardinality Xy, but the set of real numbers has a strictly larger cardinality
denoted by c.

Cantor’s famous Continuum Hypothesis (CH) posits that there is no set whose cardinality
[11,|12] lies strictly between Xy and c¢. Yet, as shown by Godel in 1940 [3] and Cohen in
1963 [4], the hypothesis is independent of Zermelo-Fraenkel set theory with the Axiom of
Choice (ZFC) [11,]12]. That is, both CH and its negation are consistent with ZFC, assuming
ZFC itself is consistent.

While much of modern set theory has focused on elaborating the transfinite hierarchy
of the N numbers—Rg, Ny, Ny, ...—we propose in this paper to investigate a dual or mirror
hierarchy involving infinitesimals. The heuristic idea that 0 = 1/0c0 is often introduced to
students as an intuitive stepping stone, but it lacks formal precision in standard real analysis.
However, in frameworks such as nonstandard analysis developed by Robinson [8,9] [8,9] [1]
and the surreal numbers introduced by Conway [2], infinitesimals are not only legitimate but
play a rigorous and foundational role.

In this work, we propose a correspondence of the form

‘=R (1)
where €; is an infinitesimal associated to the cardinality ;. This proposes a novel layering of
the continuum, where each level of infinite magnitude has a mirrored infinitesimal reflection.
We call this construction the e-hierarchy and suggest that it offers a new way of understanding
the internal structure—or texture—of the continuum.

The development of this mirror duality challenges the traditional asymmetry in how
mathematics treats the infinitely large and the infinitely small. While large cardinals are
stratified and extensively studied, infinitesimals are often treated as isolated or ad hoc con-
structions. Our approach aims to create a symmetric, ordinal-indexed structure of infinites-
imals, tightly coupled to Cantor’s Aleph hierarchy. This allows us to speculate on the pos-
sibility of defining local resolutions or "micro-structures” on the real line, perhaps leading
to refinements in analysis, topology, and even physical theories that depend on space-time

continuity.



2 The Aleph Hierarchy and the Continuum

The classification of infinite sets was formalized by Georg Cantor in the late nineteenth
century. Cantor demonstrated that some infinite sets are strictly larger than others, and
introduced a hierarchy of infinite cardinal numbers denoted by the Hebrew letter aleph, N.
The smallest infinite cardinality, Ny, corresponds to the size of the set of natural numbers
N. Cantor showed that sets such as the integers Z and the rationals QQ also have cardinality
Np...

Cantor’s famous diagonal argument established that the set of real numbers R has a
strictly greater cardinality than N. He demonstrated that there is no bijection between N
and R, thus proving that R is uncountable. The cardinality of the continuum, denoted ¢, is
the cardinality of the set of real numbers. Cantor conjectured that ¢ = Ny, where Ny is the
next cardinality after Ny in the hierarchy. This conjecture, now known as the Continuum
Hypothesis, has profound implications for the structure of set-theoretic universes.

The independence of the Continuum Hypothesis (CH) was proven in two major steps.
In 1940, Kurt Godel showed that CH cannot be disproven from the axioms of Zermelo-
Fraenkel set theory with the Axiom of Choice (ZFC), assuming those axioms are consistent
[3]. He achieved this by constructing the constructible universe L, where CH holds. In 1963,
Paul Cohen developed the method of forcing to show that CH cannot be proven from ZFC
either, again assuming ZFC is consistent [4]. This dual independence result demonstrates
the inherent limitations of ZFC in settling certain cardinality questions.

The aleph hierarchy is built by transfinite recursion. After Ny, the next cardinality is
Ny, defined as the cardinality of the set of all countable ordinals. Each N, is defined as
the next cardinal greater than all previous cardinals indexed by ordinals less than «. For
successor ordinals, this is straightforward: W,,; is the least cardinal greater than N,. For
limit ordinals, such as w, the definition requires a supremum over all previous cardinalities,

producing a cumulative hierarchy of infinite sizes.

Nw :Sup{No,Nl,Ng,...}. (2)

As we progress through the transfinite, cardinals increase in complexity and strength.
Certain cardinals, called inaccessible, measurable, or large cardinals, possess additional ax-
iomatic strength and serve as milestones in the study of the infinite. These notions are
crucial in inner model theory and large cardinal hierarchies [6,7].

Another central concept is the power set operation. For any set A, the power set P(A) is
the set of all subsets of A. Cantor’s theorem states that [P(A)| > |A| for any set A, implying
that

2% > N (3)



However, the relationship between 2% and the aleph numbers is not fully determined within
ZFC. The Generalized Continuum Hypothesis (GCH) extends CH by asserting that for every
ordinal «,

2% = Ny, (4)

Like CH, the GCH is independent of ZFC, as shown through forcing techniques and the work
of Easton and others.

The aleph hierarchy is not just an abstract construction. It has profound implications
for many areas of mathematics, including model theory, descriptive set theory, and recursion
theory. It also connects deeply with questions about the nature of the continuum. For
example, the question of whether ¢ = N,, for some finite n has implications for the structure
of definable sets in analysis, the strength of axiomatic systems, and the limitations of formal
logic.

By developing the aleph hierarchy, Cantor provided a way to classify infinite sets in a
precise manner. This structure not only clarified the distinctions between various sizes of
infinity but also opened the door to new mathematical universes in which different versions
of the continuum could be explored. This paper seeks to extend this vision by proposing a
dual hierarchy of infinitesimals, thereby offering a symmetrical framework for understanding

both ends of the infinite spectrum.

3 Infinitesimals in Modern Mathematics

The concept of infinitesimals has a long and storied history in the development of mathemat-
ics. In the seventeenth century, figures such as Newton and Leibniz employed infinitesimals
in their formulations of calculus. However, these early notions lacked formal rigor, leading
to foundational criticisms by figures such as Bishop Berkeley. The eventual development
of e-0 analysis by Cauchy and Weierstrass in the nineteenth century replaced infinitesimals
with limit-based formalism, effectively eliminating the use of infinitesimals from mainstream
analysis until their revival in the 20th century.

The twentieth century witnessed a revival of infinitesimal ideas in a mathematically
rigorous framework. Abraham Robinson introduced the theory of nonstandard analysis, in
which infinitesimals were constructed as genuine mathematical entities within an extended
number system known as the hyperreal numbers [1]. The hyperreal field, denoted xR, extends
the real numbers to include both infinitesimal and infinite quantities. Within this framework,
an infinitesimal is an element smaller than every positive real number but greater than zero,
thus formalizing the intuitive notion of an infinitesimal.

Robinson’s approach utilizes tools from model theory to create an ultrapower construction

of the real numbers. Let & be a nonprincipal ultrafilter on N. The hyperreal numbers can
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then be defined as the quotient

R =R/, (5)

neN

where two sequences (z,) and (y,) are identified if {n € N | z,, = y,} € U. An element
e € =R is infinitesimal if || < L for all n € N.

Nonstandard analysis recovers many of the intuitive results of calculus. For example, a
function f is continuous at a point z if and only if for every infinitesimal €, f(z +€) — f(x)
is also infinitesimal. This elegant criterion encapsulates continuity without the need for
quantifier alternations. Moreover, the standard part function st : *R — R maps each finite
hyperreal to the unique real number infinitely close to it.

Another significant contribution to the formal theory of infinitesimals comes from the
surreal numbers, introduced by John Conway [2]. The surreal number field is a proper class
containing not only all real numbers [10] [10] but also a vast collection of infinitesimal and
infinite quantities. The surreals form a totally ordered field that is consistent with the foun-
dational aims of transfinite set theory and model-theoretic semantics. also a real-closed field,
satisfying all the axioms of the reals, extended to accommodate both directions of infinity.
Within this field, infinitesimals can be used to define structured layers of infinitesimal scales
that mirror the ordinal hierarchy of the surreal number field.

In the surreal framework, one can define an infinite number w, and its reciprocal 1/w
serves as an infinitesimal. More generally, for any ordinal «, there exists a surreal number
w®, and its inverse 1/w® may be interpreted as a structured infinitesimal. The arithmetic of
surreal infinitesimals is rich and nuanced, offering a potentially fertile ground for applications
in analysis and geometry.

A different line of development appears in smooth infinitesimal analysis, which builds
upon category theory and intuitionistic logic [13,/14]. In this setting, infinitesimals are
elements e such that ¢ # 0 but €2 = 0. These are not elements of a field but rather
appear in a ring or module structure compatible with a synthetic approach to differential
geometry |13}/14]. This theory avoids the law of excluded middle and the axiom of choice,
which are central to the classical frameworks of analysis and logic that rely on classical
interpretations of set membership and truth values.

The study of infinitesimals has not only enriched the philosophical foundations of math-
ematics but also has provided tools with practical applications. For example, infinitesimals
are used in rigorous treatments of stochastic processes, differential equations, and even in
frameworks for quantum mechanics where standard limits may be inadequate. In each case,
the infinitesimal is treated not as a vague heuristic, but as a well-defined mathematical object
whose behavior can be precisely controlled.

The formal reintroduction of infinitesimals into mathematics has restored symmetry to



the treatment of infinite magnitudes. Where Cantor’s hierarchy offers an elaborated structure
for infinities via the aleph numbers, the modern theories of infinitesimals provide a nuanced
stratification for the infinitely small. This dualism motivates the construction of the ¢;
hierarchy introduced in this paper, where each infinitesimal ¢; corresponds inversely to an
infinite cardinal N;. These developments form the groundwork for a more structured and

layered approach to understanding the continuum and its infinitesimal refinements.

4 A Mirror Duality: Defining the e-Hierarchy

The aleph hierarchy, as developed by Cantor and further elaborated through model-theoretic
and set-theoretic frameworks, provides a systematic structure for organizing infinite cardi-
nalities. Each N; represents a strictly increasing step in the magnitude of infinity, beginning
with Xy and extending through the transfinite. This ascending chain offers a comprehensive
lens for understanding the growth of set sizes in the infinite domain. However, in standard
mathematical foundations, there exists no canonical way to assign reciprocals to infinite
cardinals within ZFC, hence necessitating a symbolic or model-theoretic interpretation.

In this paper, we propose the existence of a mirror hierarchy of infinitesimals {¢;}icora
indexed by the same ordinals that index the alephs. Each infinitesimal ¢; is defined formally

by the equation

) 6
. ©)

where N, is the i-th aleph number. While the reciprocal of a cardinal number is not defined
within standard set theory, this equation is interpreted symbolically to denote a strict duality:
for each transfinite scale R; on the side of the infinitely large, there exists a corresponding
infinitesimal scale ¢; on the side of the infinitely small.

This duality invites a reformulation of the continuum not as a homogeneous unstructured
expanse, but as an internally layered manifold endowed with local granularity. The ¢; ele-
ments serve to parameterize increasingly finer levels of infinitesimal resolution. Whereas the
real line is typically modeled as a complete, connected, and dense linear order without gaps,
our proposal suggests that there exists a stratification within the continuum that is con-
sistent with the foundational aims of transfinite set theory and model-theoretic semantics.
invisible under standard analysis but becomes a...

In particular, within frameworks such as the surreal numbers [2], each infinite quantity
such as w’ has a corresponding infinitesimal 1/w’. This suggests a structural realization of
the e-hierarchy as embedded within a well-defined ordered field. Although surreal numbers
form a proper class and not a set, they possess a rich internal ordering that aligns naturally

with the ordinal structure used to index the alephs. By assigning ¢; = 1/w’ within this



field, providing a potential arithmetic interpretation of the e-hierarchy as inverses of ordinal-
indexed surreal numbers.
We further hypothesize that operations on the ¢; hierarchy mirror certain operations on

the N; side. For instance, under symbolic arithmetic, one could define:

€ <€ if and only if N, > N]’. (8)

This enforces a contravariant relationship between the two hierarchies, preserving a mirror-
like structure across the infinite and the infinitesimal domains.

While the hyperreal number system in nonstandard analysis [1] accommodates infinites-
imals, it does not, in its standard construction, provide an ordinal-indexed family of them.
Nonetheless, it inspires the logical possibility of embedding such a hierarchy via ultrafilter-
based constructions. On the other hand, smooth infinitesimal analysis [5] permits infinitesi-
mals with algebraic properties such as nilpotence (2 = 0), but it does not support infinitesi-
mals of varying infinitesimal strengths across different levels, unlike the monolithic structure
of standard analysis.

One avenue for formalization might involve defining a partially ordered set of infinitesi-
mals under the equivalence relation of indistinguishability at various scales. Two infinites-
imals €; and ¢; would be indistinguishable under standard analysis, but discernible in an
extended logic or geometry where the scale parameter ¢ is meaningful. This aligns with the
approach in synthetic differential geometry, where neighborhood structures and infinitesimal
displacements have distinct meanings that correspond to directional tangents or geometric
proximity at infinitesimal scales.

The existence of the e-hierarchy introduces a novel symmetry to the foundations of math-
ematics. Just as Cantor’s alephs allow us to conceptualize larger and larger infinities, the
e-hierarchy allows us to explore ever more refined layers of smallness. This symmetry opens
possibilities for new types of continuity, new differential structures, and potentially, new log-

ics that treat both infinite and infinitesimal quantities as first-class objects. The equations

@, (-

5 Textures of the Continuum: Interpretations and Ap-

plications

The traditional conception of the real line treats it as a smooth, featureless continuum, con-

tinuous and without any internal structure apart from its topological and order-theoretic



properties. Within this view, any interval of the real line, no matter how small, is homeo-
morphic to the entire real line, indicating the absence of intrinsic texture or scale. However,
the introduction of a mirror hierarchy of infinitesimals, indexed by ordinals corresponding
to the aleph hierarchy, opens up a novel perspective on how continuity can be layered with
infinitesimal precision.

This reinterpretation of the continuum envisions each real number as embedded within a
nested lattice of infinitesimal neighborhoods, where each layer corresponds to an ¢; = 1/X;.
These ¢; define scales of infinitesimal resolution, offering a means of distinguishing between
points that would otherwise be identified in standard analysis. This stratified view of the
real line permits a form of internal granularity, where the local geometry is influenced by
the position within the ordinal-indexed structure, giving each real number a multi-scale
neighborhood.

In this framework, one may conceive of functions that are differentiable at varying levels
of infinitesimal sensitivity. For example, a function f might be smooth with respect to ¢, but
exhibit discrete jumps at the level of €;. This leads to a generalized notion of differentiability
dependent on scale, which may be formally expressed as:

lim f(x+€i> —f(l‘) :le(l‘), (9)

e;—0 €;

where f/(z) denotes the derivative at level ¢;. Unlike in classical analysis, these derivatives
may vary across the hierarchy, reflecting structural discontinuities invisible under coarser
analysis.

The application of such textured continuity can be considered in the context of func-
tional spaces. The space C%(R) may denote the set of functions differentiable at level ¢;,
generalizing the classical space of continuously differentiable functions C*(R). This allows a
filtration of function spaces indexed by ordinal levels of sensitivity, enriching the analysis of
functions with a more nuanced scale-dependent calculus.

In topology, the standard real line is equipped with the usual metric topology derived
from the absolute value metric. The introduction of a layered infinitesimal structure allows
for the construction of a refined metric space, where the metric d¢(z,y) depends on the

smallest ¢; that can distinguish x from y. Formally, one may define:
d(z,y) = min{e; | |z —y| > &} (10)

This definition induces a topology finer than the standard topology, potentially yielding new
compactness, continuity, and convergence behaviors that merit further investigation.
One of the most promising interpretations arises in the context of physical models. In

quantum mechanics and quantum gravity, the nature of space-time at extremely small scales



is still not fully understood. The e-hierarchy suggests a mathematical model for scales of
resolution that may correspond to physical observability thresholds. For instance, it may
be hypothesized that measurements cannot resolve below a certain €, thereby effectively
discretizing space-time at that level. The scale-dependent differentiability spaces, which are
applicable in advanced analysis and geometric frameworks.

In the realm of category theory and synthetic differential geometry, the idea of infinites-
imal neighborhoods plays a central role. The e-hierarchy can be adapted to provide a
multi-layered neighborhood structure that generalizes the standard infinitesimal disk used
in smooth topos models. This leads to the notion of e-structured spaces, where morphisms
preserve not just differentiability but differentiability relative to specified levels of infinites-
imality. Such a notion could have profound implications for morphisms and continuity in
categorical contexts.

Beyond foundational implications, the textured view of the continuum may find applica-
tion in areas such as numerical analysis, where different scales of approximation are relevant;
in fractal geometry, where structures exhibit self-similarity at various scales; and in machine
learning, where hierarchical representations of data have proven effective. Each of these ar-
eas inherently involves the manipulation of structures at multiple levels of resolution, which
the e-hierarchy can model mathematically as structured scales for functional approximation
and signal decomposition.

The introduction of the e-hierarchy thus allows a re-examination of the continuum through
a lens that embraces internal complexity. Rather than a monolithic structure, the continuum
becomes a textured manifold, rich with internal strata and capable of supporting a new class
of mathematical theories. This layered viewpoint promises to influence not only analysis and

topology, but potentially the very foundations of mathematics and physics.

6 Extending the Theory: Formal Models, e¢-Forcing,

and Category-Theoretic Interpretations

The introduction of the e-hierarchy as a mirror of the aleph hierarchy motivates the construc-
tion of formal models that can accommodate both structures simultaneously. To rigorously
develop this duality, we must consider frameworks that extend or reinterpret existing set-
theoretic, logical, and categorical foundations. This section proposes several avenues to
extend the theoretical underpinnings of the e-hierarchy, including forcing-based approaches,
model-theoretic semantics, and cat...

In classical set theory, forcing is a powerful tool introduced by Paul Cohen to construct

models where specific propositions such as the Continuum Hypothesis are resolved in various



ways [4]. Forcing works by adjoining a generic filter to a poset, thereby extending the universe
in a controlled manner. Analogously, we propose a speculative framework called e-forcing,

whereby infinitesimal structures are added to a base model, yielding a refined continuum.
Let M be a mod...

MT = M[G], (11)

where G, is a generic class of infinitesimal scales satisfying prescribed constraints. These
constraints might enforce mirror relationships with large cardinal embeddings, akin to how
forcing in the standard sense preserves or modifies cardinals. The resulting model Mt would
contain structured infinitesimals ¢; such that ¢; = 1/; is enforced semantica...

One formal path to such models involves ultraproduct constructions. As shown in non-
standard analysis [1], the hyperreal numbers can be constructed via ultrafilters on N. Let U;
be a hierarchy of ultrafilters indexed by ordinals . For each U;, we construct an ultraproduct
field Rf =[]

all n...

nen R/U;, and define €; as the smallest positive element in R} less than 1/n for

1
ei:inf{xERf|x>0andx<ﬁforalln€N}. (12)

These constructions yield a stratified system of hyperreal fields, each encoding infinitesi-
mal behavior at a different level 7. The models R} are not mutually elementarily equivalent
unless the ultrafilters U; are isomorphic. This creates a formal distinction between infinites-
imal levels, aligning with the ordinal indexing proposed in the e-hierarchy.

From a categorical standpoint, synthetic differential geometry (SDG) offers a natural
context in which to interpret infinitesimals. In SDG, the category of smooth spaces is
enriched with objects that model infinitesimal neighborhoods [14]. An object D is defined
such that every element € € D satisfies €2 = 0. We propose to extend this idea by defining a

category C. in which there exists a family of objects D; indexed by ordinals ¢, with each D...

Di={ceR|e™ =0and € #0}. (13)

These objects define a family of nilpotent infinitesimals of increasing depth, echoing
the ordinal stratification in the e-hierarchy. Morphisms in C. preserve this layered structure,
leading to a generalized notion of smoothness across infinitesimal resolutions. Such a category
would support e-structured spaces, where local charts and tangent objects are indexed by ¢;
and support refined notions of differentials, integrals, and flows.

Another model-theoretic direction lies in o-minimal structures. These structures define
models of the real field expanded by additional functions while preserving tame topological

and algebraic properties. One could develop e-minimal structures where each expansion is
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indexed by ¢;, thus regulating definability at infinitesimal levels. The tameness condition
would translate to preservation of monotonicity, finiteness of discontinuities, and absence of
pathological oscillations at all ...

Each of these approaches supports a broader aim: constructing formal languages and
models where the e-hierarchy is not just symbolic but semantically meaningful. Whether
through e-forcing, ordinal-indexed ultraproducts, or categorical nilpotents, the result is an
enriched continuum where infinitesimals participate in structure, dynamics, and logic. These
extensions open potential connections to theoretical physics, especially in quantum field

theory and causal set theory, where scale-s...

7 Applications of the e-Hierarchy in Differential Ge-

ometry

Differential geometry has traditionally relied on the classical continuum of real numbers
and the smooth structure that emerges from calculus on manifolds. The standard approach
defines differentiability using local charts, tangent spaces, and the e-§ formalism. However,
the introduction of infinitesimals in frameworks such as synthetic differential geometry (SDG)
provides an alternative foundation in which infinitesimals are treated as first-class objects
[14]. In this s...

To embed the e-hierarchy into differential geometry, one can interpret each infinitesimal ¢;
as defining a scale of local linearity. For a smooth manifold M, let T'* M denote the €;-tangent
space at a point x € M, corresponding to displacements that are distinguishable at scale
€;. These tangent spaces refine the classical tangent bundle by introducing a stratification

indexed by 7. The total e-tangent structure of M can then be wr...

T°M = | | T%M, (14)
i€Ord
where | | denotes the disjoint union of bundles over the indexing ordinal. This construc-
tion gives rise to a layered geometric structure where differentiability and curvature can be
investigated relative to each ¢;.

In standard differential geometry, the derivative of a function f : M — R at a point x
is defined via the limit of secant slopes. In the presence of ¢;-infinitesimals, we define an
¢;-derivative by examining the quotient

D oy Lot ew) = @) -

€;

where v is a direction in 7' M and €;v represents an infinitesimal displacement. The function
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f is said to be ¢;-differentiable at x if this expression is well-defined and lies in R. When
this derivative exists for all 7, we obtain a smooth structure of infinite resolution.
Curvature in Riemannian geometry is traditionally defined using second derivatives and
the Levi-Civita connection. In the context of the e-hierarchy, one can consider ¢;-curvature
tensors that measure geometric deviation at scale ¢;. Let g be a Riemannian metric on M.

We define an ¢;-connection V¢ and compute the corresponding curvature tensor R via
RY(X,Y)Z =V§VyZ - VyViZ — BQY}Z' (16)

Each R captures the curvature structure as resolved at the infinitesimal scale ¢;, leading to
a multi-resolution picture of the manifold’s geometry.

Synthetic differential geometry formalizes these ideas within a topos-theoretic framework
where infinitesimals satisfy algebraic properties such as nilpotency [5]. Let D; be the ring
of ¢;-infinitesimals such that €' = 0 for some n > 1. Then the differential forms and vector
fields can be defined over these nilpotent elements. A differential form w is said to be of
¢;-order if its support lies in D;. This creates a hierarchy of differential s...

From a categorical perspective, the e-hierarchy suggests a refinement of the category
of smooth manifolds Diff. We define a category Diff. where objects are e-manifolds, and
morphisms preserve ¢;-structure at each scale. The fibered structure of T°M over M induces
a Grothendieck fibration, and local trivializations are compatible with ¢;-sensitive charts.

Such a refined approach may have implications for physical theories, particularly in gen-
eral relativity and quantum gravity, where smooth structure plays a critical role. In regimes
where classical differentiability breaks down, such as near singularities or at Planck-scale in-
teractions, the use of e-stratified geometry offers a flexible alternative. For instance, geodesics
that diverge at one ¢; scale may remain coherent at a coarser level ¢; with j < 7, suggesting
a mult...

In conclusion, applying the e-hierarchy to differential geometry opens a broad vista of
possibilities. It replaces the monolithic notion of smoothness with a nuanced, ordinally
indexed spectrum of infinitesimal differentiability. This enrichment not only deepens our
understanding of geometric continuity but also aligns with emerging needs in theoretical

physics and higher category theory.

8 Applications of the e-Hierarchy in Quantum Space-
time

The continuum has long served as the geometric stage for physical theories, particularly in

general relativity where spacetime is modeled as a smooth manifold. However, at quantum
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scales, this picture breaks down. In various approaches to quantum gravity, spacetime is
hypothesized to be discrete, foamy, or non-commutative |15,/16]. The introduction of the
e-hierarchy provides a fresh mathematical framework in which infinitesimal structures of
varying depths can replace th...

Quantum spacetime models often imply a minimal length scale, typically associated with
the Planck length Ip = \/W/c3 ~ 1.616 x 1072 meters. Standard differential geometry is
incompatible with this lower bound since it allows for arbitrary zooming into infinitesimal
neighborhoods. In contrast, the e-hierarchy provides a stratified approach, where each level

€; corresponds to a distinguishable resolution scale. Let x* denote spacetime coordinates, ...

= at + el (17)

where ¢/ is a vector of infinitesimal displacements constrained by ¢ < €/ for i > j. These
displacements encode the “grain” of spacetime at resolution level ¢ and could model fluctu-
ations around a quantum background.

In causal set theory, spacetime is described as a discrete set of events partially ordered
by causality [17]. Let C; denote a causal set at scale ¢;, with elements separated by minimal
spacetime intervals of magnitude ¢;. The e-hierarchy induces a tower of causal sets {C} }icord,
each refining the previous. The continuum limit of these structures is approached as ¢; — 0,
but in a non-uniform fashion governed by ordinal level...

Loop quantum gravity (LQG) describes spacetime using spin networks and spin foams,
wherein areas and volumes are quantized [18]. The spectra of these geometric operators
are discrete and bounded below by nonzero values. An e-parameterization of the LQG
configuration space could interpret different levels ¢; as corresponding to refinements of spin

network states. Let H., denote the Hilbert space of spin network states at scale ¢;. The se...

"= P H,. (18)

i€Ord
where each H,, is closed under the action of observables defined at resolution ¢;, such as
area and volume operators A% and V. Transitions between levels could be mediated by
refinement maps or renormalization group flows.

In string theory, the concept of T-duality posits that spatial dimensions compactified on
a circle of radius R are physically equivalent to those compactified on radius 1/R [19]. The
reciprocal relationship ¢; = 1/X; resonates with this duality, suggesting that infinitesimal
and transfinite scales are inversely related in a deeper geometric sense. Let X be a compact

spatial coordinate, then under T-duality, we have

, -1
X' +— X; = —X" (19)

€
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Such a mapping aligns the e-hierarchy with dual geometric regimes in high-energy physics.
Non-commutative geometry provides another fertile ground for the e-hierarchy. In Connes’
formalism, the geometry of space is encoded in an algebra A, a Hilbert space H, and a Dirac
operator D [20]. At the ¢; level, we define a family of spectral triples (A,,, H,, D.,) where the
Dirac operator resolves geometric features detectable only at scale ¢;. The distance function

between two ...

de,(z,y) = sup{|f(z) = f(y)] : [ € Ae, [[De;, S < 13, (20)

reflects the ¢;-sensitive geometry. This allows one to encode varying graininess of spacetime

directly into the non-commutative metric structure.

Altogether, the e-hierarchy introduces an ordinal-indexed refinement of geometric and
physical structures that can be interpreted within multiple quantum gravity paradigms.
Each infinitesimal scale ¢; serves as a probe of structure otherwise smeared out or undefined
in classical geometry. These applications suggest that infinitesimal and transfinite dualities
may be more than formal analogies—they may underlie the very nature of physical space

and time.

9 Applications of the e-Hierarchy in Logic

The study of logic is deeply intertwined with set theory, model theory, and foundations
of mathematics. The introduction of the e-hierarchy as an ordinally indexed spectrum of
infinitesimal quantities invites new logical structures that reflect its fine gradation. Tradi-
tionally, infinitesimals were seen as heuristic tools until the advent of nonstandard analysis
provided a rigorous framework through ultrafilters and transfer principles [1]. With the
e-hierarchy, we m...

One potential avenue lies in the design of stratified logical languages, where truth values
themselves are ¢;-graded. Consider a language £, whose semantic valuations assign to each
formula ¢ a truth value v;(¢) € {0,¢;, 1}, where ¢; denotes an infinitesimal deviation from
truth at level ¢. This allows the encoding of approximate or partial truths in a controlled,
ordinally-indexed way. Such a system could be used in analyzing logical pa...

From a model-theoretic perspective, each ¢; defines a distinct layer of ultraproduct con-
struction. Let {M,, },en be a sequence of structures and U; an ultrafilter indexed by i. The

ultraproduct

M, =[] Mn/th (21)

neN
yields a model whose internal logic reflects the properties of ¢; and thus of the associated

€;. This hierarchy produces a family of non-elementarily equivalent models, each capturing
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logical behavior sensitive to infinitesimal perturbations at a specific level.

Infinitesimal logics may also connect with fuzzy logic and continuous logic. In Lukasiewicz-
style fuzzy logic, truth values range continuously between 0 and 1 [21]. By embedding ¢;-levels
into this continuum, we can define a fine-grained structure where statements are “infinites-
imally true” at some level but not at others. For instance, we may define a truth function
T..(¢) satistying

T..(¢p) =1—¢; if ¢ holds up to an error of order ;. (22)

This provides a logical interpretation for approximation and asymptotic behavior in mathe-
matical reasoning.

In higher-order logic, the presence of infinitesimals enables the construction of e-typed
lambda calculi, where function spaces vary across ¢; layers. Let 7; denote a type at level i,
and let f: 7, — 7; be a function that is continuous relative to €;-structures. Then the typed
lambda calculus A, can be enriched with rules of abstraction and application that respect
the infinitesimal stratification. Such an approach finds applic...

In topos theory, logic is internalized within categories and supports intuitionistic inter-
pretations. Synthetic differential geometry and smooth topos theory admit infinitesimal
elements in their internal logic [22]. The e-hierarchy enables a refinement of internal logic
by allowing infinitesimal deviations from standard truth predicates. Let 1 be the terminal

object in a topos &, and () the subobject classifier. A generalized subobject classifier €2 ..

Q= || Q. (23)

i€O0rd
where (), interprets truth at scale ¢;. Logical operations such as conjunction, implication,
and negation can then be parameterized by ¢;, leading to a layered intuitionistic logic.
Proof theory may also benefit from this stratification. Consider a system where each
inference rule carries an ¢;-cost. A deduction from assumptions I' to conclusion ¢ at cost ¢;
is denoted

'k, ¢. (24)

This formalism aligns with bounded arithmetic and feasibility considerations, suggesting a
measure of logical strength indexed by infinitesimal resources.

Altogether, the application of the e-hierarchy in logic introduces a finely tuned land-
scape where semantic gradation, model construction, proof strategies, and internal logics are
indexed by ordinal levels of infinitesimals. This offers not just a novel reinterpretation of
logical notions, but potentially opens new pathways in formal reasoning, computability, and

the logic of approximation.
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10 Duals of Measurable Cardinals in the e-Hierarchy

Measurable cardinals occupy a central role in the study of large cardinals and the structure
of the set-theoretic universe. A cardinal k is measurable if there exists a non-principal k-
complete ultrafilter over x, enabling the construction of elementary embeddings j : V — M
with critical point k£ [23]. These cardinals are strong enough to imply the existence of
transitive inner models with rich combinatorial and structural properties. In this section,
we explore...

The traditional definition of a measurable cardinal is rooted in the existence of an ultra-

filter U on k satisfying:
e U is k-complete: closed under intersections of fewer than k sets,
e U/ is non-principal: it does not contain singletons,
e U is k-additive and extends the cofinite filter.

This ultrafilter gives rise to an ultrapower embedding 5 : V' — M such that M is closed
under x-sequences and j(k) > k. Such embeddings are pivotal in large cardinal theory and
inner model constructions [7].

To define a dual of a measurable cardinal within the e-hierarchy, we invert this framework
by associating to each measurable cardinal x a corresponding infinitesimal ¢, = 1/k. Unlike
standard infinitesimals in analysis, €, encodes structural depth rather than mere numerical
proximity to zero. The key idea is to replace the ultrafilter U over x with a co-infinitesimal
filter F._ that measures the degree of ...

We define F,_. to be a filter over the e-domain D, consisting of infinitesimals bounded

above by €,. Formally, let
D. ={e€; | € < ¢, for i € Ord}. (25)

The dual property then asserts that JF;, is €,-complete: it is closed under upward unions
of cardinality less than 1/e¢,. This condition is non-trivial, as it suggests a reversed car-
dinal arithmetic where infinitesimal indexings are controlled through mirror duality with
measurable scales.

To develop an embedding theory dual to that of measurable cardinals, we consider cat-
egories C. whose objects are e-stratified sets, and morphisms preserve infinitesimal contain-
ment. Define an embedding j. : Cc — C. such that for any object X, the image j.(X)
satisfies

6 € X = € € je(X), (26)
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where 7 is a monotonic endofunction on the ordinal indices. The function j is dual to
the ultrapower action in the standard theory and encodes the way infinitesimal depth is
transformed under semantic embedding.

Further formalization of this duality could be developed in terms of category-theoretic
adjunctions. Let ¢/ : Ord — Inf denote a functor mapping ordinals to infinitesimal scales,
and let M : Inf — Ord be its left adjoint, such that

Homy¢ (U (), €) = Homo,qg(a, M(€)). (27)

This expresses the duality at a categorical level and generalizes the principle that infinites-
imal approximations and large cardinal embeddings are dual facets of scale-transcending
structures.

The existence of measurable cardinals has profound consequences, including the failure
of the axiom of constructibility (V' # L), the consistency of determinacy axioms, and the de-
finability of inner models with rich structural hierarchies [11]. The e-duals of these cardinals
may analogously characterize boundaries in infinitesimal logic, nonstandard topology, and
micro-geometric analysis. For example, infinitesimal completeness of filters over e-domains
might reflect t...

In summary, the concept of duals to measurable cardinals in the e-hierarchy introduces
an intriguing mirror framework where infinitesimal scales inherit the semantic depth, com-
pleteness, and embedding properties traditionally associated with transfinite cardinals. This
duality not only deepens the structural parallels between large and small in the continuum
but also offers new vistas for exploring foundations of mathematics through reflection and

inversion.

11 Infinitesimal Sheaf Structures and the e-Hierarchy

The sheaf-theoretic approach to geometry and logic allows for local-to-global synthesis of
structures defined over topological spaces or sites. In the context of the e-hierarchy, where
infinitesimals ¢; form a stratified mirror to Cantor’s transfinite cardinals XN;, the notion of a
sheaf must be extended to accommodate varying degrees of infinitesimal granularity. This
leads naturally to the concept of an infinitesimal sheaf structure, where stalks and sections
reflect not onl...

Let (X, T) be a topological space, and let Ox be a structure sheaf defined on the open
sets of X. In traditional settings, the stalk at x € X, denoted Ox ,, is the colimit of sections

over neighborhoods of z. In the infinitesimal refinement, we consider a sheaf O% such that
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for each ¢;, we define an ¢;-localized stalk:

O%,= lm  O%U). (28)

U>z, diam(U)<e;

where the limit is taken over neighborhoods U of x whose diameters are bounded above by
€;. This construction ensures that finer scales of local structure are captured systematically,
reflecting the behavior of functions or distributions at different infinitesimal orders.

In the framework of synthetic differential geometry (SDG), the infinitesimal neighbor-
hoods of a point are described using nilpotent elements. Consider the sheaf of smooth

functions CY, and define the sheaf of ¢;-infinitesimal functions as
Cy(U)=A{feCZU)]| f* =0 for some n depending on ¢;}. (29)

These functions vanish to higher order within ¢;-neighborhoods, and the collection of such

sheaves indexed by ¢ forms an e-tower:

= e (30)

1€0rd

This tower reflects the local behavior of functions under increasingly fine infinitesimal scrutiny.

Sheaves in topos theory admit a generalized notion where logic is interpreted internally.
The e-hierarchy enables an internal indexing of logic and topology. Let & be a topos over
the site (Open(X), J.), where J. is a Grothendieck topology encoding coverage conditions

sensitive to ¢;-scales. A sheaf F on this site satisfies the descent condition

F(U) = eq (H FU) = [[Fw:n Uj)> , (31)

i,J

where the U; form a cover of U under J.. This enables the recovery of global structure from
infinitesimal local patches.

We can also define e-jets and differential operators within this structure. Let J (F)
denote the k-th order ¢;-jet of a sheaf F, capturing higher-order infinitesimal data. These

jets can be organized into a bundle

JE(F) = lim €D JE(F), (32)

k—o0 je0rd

providing a rich infinitesimal structure to the sheaf F. This apparatus is critical in defor-
mation theory, microlocal analysis, and geometric representation theory.

Applications of infinitesimal sheaf structures extend to areas such as derived algebraic ge-
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ometry, where the structure sheaf includes infinitesimal thickenings and derived intersections.
Lurie’s higher topos theory admits oco-sheaves over sites enriched with simplicial or homo-
topical structure [24]. The e-hierarchy aligns with this setting by stratifying these sheaves
according to infinitesimal depth, potentially enriching moduli problems with hierarchical fine
structure.

In conclusion, the notion of an infinitesimal sheaf structure built atop the e-hierarchy leads
to a refined geometric and logical framework. It synthesizes local behavior under infinitesimal
resolution into globally coherent entities and extends classical and derived sheaf theories into

an ordinally indexed, infinitesimalized domain.

12 Self-Energy of the Electron and the e-Hierarchy

The self-energy of the electron has long served as both a conceptual puzzle and a technical
challenge in theoretical physics. In classical electrodynamics, a charged particle generates an
electric field that carries energy, and the total energy stored in this field contributes to the
effective mass of the particle. However, for a point particle such as the electron, the classical
expression diverges as the radius approaches zero. Specifically, the electrostatic self-energy

of a spherical charge distri...

1 1 1 e?
Uslt = = E*dr == — . — 33
If 2/50 x 2 ey " ( )

where 7 is the radius of the electron. As r — 0, this expression diverges, implying an infinite
self-energy and an unphysical infinite mass contribution.

Quantum electrodynamics (QED) resolves this problem by invoking the machinery of
renormalization. The electron propagator receives loop corrections from virtual photons,
as captured in Feynman diagrams. The one-loop correction to the electron’s mass involves
integrals over all energy scales and similarly diverges. These divergences are tamed by

introducing a cutoff A, yielding

2
omt) ~ i—:me In (:;—z) , (34)
where « is the fine-structure constant. The renormalization procedure absorbs this diver-
gence into the bare mass, resulting in finite observable quantities.

Nevertheless, the presence of divergence suggests a deeper issue: the continuum assump-
tion of spacetime permits arbitrarily small scales without restriction. Here, the e-hierarchy
offers a new interpretive tool. Rather than integrating down to zero, one postulates that

the resolution of spacetime terminates at some minimal infinitesimal level ¢;. This defines
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a natural regularization scale without the need for arbitrary cutoffs. In this context, we

redefine the self-energy integral as

Ue' =—— —, 35
‘ 2 471'60 €; ( )

where ¢; = 1/X; is the infinitesimal dual to a transfinite cardinal X;. As i — oo, ¢ — 0,
recovering the divergent behavior, but at each finite level 7, the self-energy remains finite.

This hierarchical cutoff is not arbitrary but rooted in the ordinal structure of infinites-
imals. Each ¢; defines a different depth of resolution in the continuum, implying that di-
vergences only arise if one assumes access to transfinite resolution levels. Within physi-
cal theories, however, the existence of a minimal effective ¢,—perhaps tied to the Planck
length—provides a physical bound on localization.

Moreover, this approach aligns with the Wilsonian view of effective field theory, where
physical predictions are valid only within a specific range of scales. The e-hierarchy provides
a mathematically ordered framework for indexing these ranges. Let L., denote an effective

Lagrangian defined at scale ¢;, then a renormalization group flow can be formalized as a map
Ri*)j : Lei — Eej, fOI'j < 1, (36)

describing the transition from fine to coarse scales, in the spirit of integrating out degrees of
freedom.

The physical implication is that the infinite self-energy of the electron is not a funda-
mental pathology, but a signal that we have overextended the continuum model beyond its
meaningful resolution. Just as ultraviolet divergences are regularized in lattice field theory
by discretizing spacetime, the e-hierarchy imposes a soft stratification that retains continuum
structure while bounding infinitesimal proximity:.

In conclusion, the self-energy of the electron, long a touchstone for the limits of phys-
ical theory, gains a new interpretation within the e-hierarchy. By acknowledging a mirror
structure of infinitesimal scales, we reframe divergence not as a defect, but as a signal of
incomplete scale modeling. This approach harmonizes the continuum with finiteness and

invites new physical models grounded in ordinally indexed infinitesimal geometry.

13 Singularities in Black Hole Spacetimes and the e-
Hierarchy

The notion of a spacetime singularity has long stood as a focal point of inquiry and paradox

within general relativity. Perhaps the most well-known singularity arises in the Schwarzschild
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solution, which describes the exterior geometry of a static, spherically symmetric mass. The

Schwarzschild metric is given by

2GM 2GM\
d32:—<1— Gr )dt2+(1— Gr ) dr? + r*dQ?, (37)

where G is Newton’s gravitational constant, M is the mass of the black hole, and d? denotes
the standard metric on the two-sphere. This metric contains two notable loci: the coordinate
singularity at the Schwarzschild radius r¢ = 2G M, and a genuine curvature singularity at
r = 0.

The curvature singularity is most clearly manifested in the Kretschmann scalar:

48G*M*

r6

K = Ry, R™7 = (38)
As r — 0, the scalar diverges, signaling a breakdown of the classical manifold structure.
The incompleteness of geodesics and the blow-up of physical quantities have led to the
interpretation of » = 0 as a singularity beyond which the laws of physics, as described by
general relativity, cease to be predictive [29).

While coordinate singularities may be removed through changes of variables, such as the
Kruskal-Szekeres transformation, the curvature singularity at » = 0 remains invariant. This
issue has been addressed in quantum gravity frameworks, including loop quantum gravity
and string theory, wherein the classical singularity is often replaced by a region of high but
finite curvature or a quantum bounce. Yet, a fully rigorous treatment of this regularization
remains elusive.

The e-hierarchy offers an alternative, scale-theoretic route to resolving such singularities.
Rather than modeling spacetime as infinitely divisible, we assume that the manifold admits
a minimal scale of resolution ¢; = 1/W;, reflecting a duality with the cardinalities of large
sets. In this view, the limit » — 0 is physically inadmissible; the closest one may approach
the origin is r = ¢; for some fixed index 1.

Substituting » = ¢; into equation , we obtain a regulated curvature bound:
_ 48G*M?

i 6 )
€;

K. (39)
which remains finite for any fixed ¢;. This regularization emerges not from modifications
to Einstein’s field equations, but from a fundamental limitation on the resolution scale of
spacetime. Thus, curvature singularities are recast as artifacts of attempting to extrapolate
classical geometry into infinitesimal depths where no physical measurement is meaningful.

A similar perspective is found in regular black hole models, such as the Bardeen and
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Hayward solutions [30,31], which replace the central singularity with a de Sitter core. How-
ever, these models introduce ad hoc parameters or matter contents that may not derive from
a fundamental theory. The e-hierarchy instead implements regularization through ordinal
stratification of scale. The inner region of a black hole is no longer described by a singularity,
but by a sheaf of inf...

We may interpret the hierarchy of ¢; as defining nested shells of infinitesimal thickness,
each endowed with its own curvature and topology. Let X; denote the i-th shell at radius
r = ¢;, then a regulated Schwarzschild interior geometry could be defined via a piecewise
structure:
48G*M?

6
€

M = U Y, with curvature K; = (40)
i

Each shell encodes an approximation to the singular core, with the limiting behavior con-

strained by the ordinal structure.

The idea that spacetime is stratified in this way aligns with the renormalization viewpoint
of effective field theory, in which physical laws are valid only within specified scale regimes.
It also resonates with causal set theory, where spacetime is composed of discrete elements
with inherent causal ordering [32]. In the e-framework, such discreteness is replaced by a
continuous yet unresolvable infinitesimal hierarchy:.

In conclusion, the singularities of general relativity are not intrinsic flaws in the fabric
of spacetime, but rather consequences of overextending continuum geometry into domains
where scale ceases to be physically meaningful. The e-hierarchy provides a principled, math-
ematically coherent framework for modeling this limitation, replacing divergence with a
stratified structure of infinitesimal domains and laying a foundation for future theories that

unify geometry, scale, and quantization.

14 Applications to Cosmological Singularities and the

e-Hierarchy

Cosmological singularities represent some of the deepest puzzles in theoretical physics, aris-
ing as unavoidable predictions of general relativity under highly symmetric assumptions.
The most prominent example is the initial singularity associated with the Big Bang, where
classical equations predict divergent energy densities and curvature scalars. The simplest
cosmological model, the Friedmann—Lemaitre-Robertson-Walker (FLRW) spacetime, takes

the metric form

dr?
1 — kr?

ds* = —dt* + a(t)? [ + T2dQQ:| : (41)

where a(t) is the scale factor and k is the spatial curvature index.
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Einstein’s equations yield the Friedmann equation:

. 2
a TG k
e - ,_ = 42
() G,k (12)

with p representing the energy density. Under the assumption of a perfect fluid with equation

of state p = wp, the density evolves as
pa) = poa 1. (43)
As a(t) — 0, the density diverges, and consequently so do curvature scalars such as the Ricci

reofe (2 5). m

These divergences signify a breakdown of the classical continuum at early cosmological times,

scalar:

typically near the Planck scale.

Several quantum cosmology approaches seek to resolve this singularity. Notably, loop
quantum cosmology predicts a bounce due to discrete quantum geometric effects [33]. How-
ever, these theories often rely on speculative quantization procedures and assumptions about
the fundamental discreteness of space.

In contrast, the e-hierarchy offers a continuum-based scale regularization grounded in
ordinal-indexed infinitesimals. The divergence in energy density and curvature at a — 0 can
be avoided by imposing a lower bound a(t) > ¢;, where ¢; = 1/, represents the minimal
infinitesimal resolution available in the spacetime manifold. Under this assumption, the
energy density becomes

pe, = poe; T, (45)

which remains finite for each 7. The Ricci scalar also becomes bounded:

. N 2
k
R, =6 <g + (g) + —2> ,  with a(t) > ¢;. (46)
€

a i

This reinterpretation avoids singularities without invoking quantum discreteness. In-
stead, the limit a(t) — 0 is simply unphysical, since no observations or field measurements
can resolve the manifold below scale ¢;. The cosmological singularity is thus an artefact of
unjustified extrapolation.

Moreover, the e-hierarchy permits a nested family of early universes indexed by 7. Let
U; denote the cosmological model truncated at a = ¢;, then the pre-¢; epoch is formally
undefined, and each U; is a model with an earliest time ¢; such that a(t;) = ¢;. This

perspective aligns with the concept of an effective theory bounded by a minimum scale.
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We may formalize this approach by defining a regularized FLRW patch as
M;={(t,27) e R x X | at) > &}, (47)

where ¥ is the spatial manifold. Physical fields are then sections of sheaves over M;, con-
strained by the inability to resolve below ;.

This scheme offers compatibility with inflationary cosmology. Standard inflation assumes
a scalar field driving exponential expansion from a near-singular epoch. In the e-formalism,
inflation begins not from a = 0, but from a = ¢;, which may provide a natural cutoff for
trans-Planckian concerns that plague the theory [34]. The hierarchy of ¢; thus serves both
as a regulator and as a scale-dependent lens through which the universe’s origin is viewed.

In conclusion, cosmological singularities such as those in the FLRW model are addressed
within the e-hierarchy by acknowledging a minimal resolution of the continuum. This resolves
divergences in a manner compatible with the continuum structure of spacetime, without
necessitating full quantization. The e-indexed sheaf of early-universe patches provides a rich
structure for future developments in cosmology, possibly bridging classical general relativity

with emerging scale-theoretic approaches.

15 Quantum Field Behavior on e-Structured Backgrounds

Quantum field theory (QFT) on curved spacetime provides the foundational formalism for
analyzing particle physics in non-trivial gravitational settings. Traditionally, it assumes
the smooth differentiable structure of the underlying spacetime manifold, allowing for local
operator definitions, mode expansions, and renormalization techniques. However, at small
scales where quantum gravitational effects become significant, such an idealized continuum
may fail. This motivates the study of quantum fields propag...

Let M denote a smooth manifold equipped with an e-structured background, wherein a
family of nested scales €; = 1/X; defines the limit of resolvability. In this setting, fields are
defined not as smooth sections over M, but as generalized sections over sheaves restricted
to scale ¢;. The standard quantum field ¢(z) is replaced by a hierarchy ¢ (z), valid within
an e;-resolvable patch.

Consider a real scalar field in flat spacetime with standard action

Siél = [ ata (%a%é‘m - %m%?) . (48)

On an ¢;-structured manifold, the measure is altered. The integration domain is not the full

R* but is stratified such that each point is approximated only to scale ¢;. We introduce a
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modified action: . .
S.0001 = [ e (50°090,00 - Ju6)?). (49)

M., 2 2

where M., denotes the domain truncated by resolution ;.
This structure affects both ultraviolet and infrared aspects of field behavior. In particular,

mode decomposition is constrained. Standard mode expansion in Minkowski space yields:

dSk —ikx 1 ik /
(ZS(JI) = /(27‘(‘)—32@% ((lke + a;e > s WE = k2 + m2. (50)
However, in the e-structured background, the minimum meaningful wavelength is set by ¢;,
which imposes a cutoff ky.x ~ 1/¢;. This naturally regularizes the ultraviolet divergences
that appear in standard field theory.

In particular, the two-point function in flat spacetime diverges at coincident points:

($(2)6(@)) ~ ——— . asz— 7. (51)

(x — )%’
In e-geometry, + — 2’ is only defined up to ¢;, and the divergence is controlled:

@) < 5, forlr— o] < e (52)

€

This yields finite correlation functions and vacuum expectation values without artificial
renormalization.

The e-hierarchy also impacts renormalization group (RG) flow. Traditional Wilsonian
RG describes physics by integrating out high-energy modes. In this setting, one defines an
e-dependent effective action S [¢(?)], and the flow from ¢; to €; for j > i corresponds to a

loss of resolution, formalized via
Ri—)j : Sszﬂ — ng, €5 > €. (53)

Notably, this structure is compatible with algebraic quantum field theory (AQFT), where
observables are associated with open regions and their causal relations. An e-refined AQFT
would assign algebras A, (O) to e;-resolvable regions O, and the net of algebras becomes
indexed by the ordinal i. This realizes a sheaf of algebras over the base of infinitesimal
topologies.

From a physical standpoint, the e-framework can potentially address the trans-Planckian
problem in curved spacetime QFT, where field modes redshift to unphysical scales near
cosmological or black hole horizons [35]. By restricting access to €; as the smallest effective

resolution, the theory sidesteps these divergences and provides a scale-aware QFT.
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In summary, quantum fields on e-structured backgrounds exhibit regularized ultraviolet
behavior, naturally incorporate minimal scales, and provide a refined foundation for renor-
malization and field quantization. This approach retains the continuous geometry of space-
time while embedding a rigorous hierarchy of infinitesimal structure, offering a promising

interface between quantum theory and the geometry of the continuum.

16 Entropy Bounds and Black Hole Thermodynamics

on e-Structured Backgrounds

Black hole thermodynamics provides a profound bridge between general relativity, thermo-
dynamic principles, and quantum theory. Seminal results, such as the Bekenstein-Hawking
entropy formula, suggest that gravitational systems possess an intrinsic thermodynamic char-
acter and that entropy is deeply linked to horizon geometry. For a Schwarzschild black hole,

the entropy is given by
k 303 A
hG 4’

where A = 47r2 = 167G*M?/c* is the horizon area. This relation is striking because it

Spi = (54)

implies that entropy scales not with volume, but with area, hinting at a holographic nature
of gravitational degrees of freedom [36,37].
Bekenstein also proposed an entropy bound for any system of energy E confined within

radius R:
2rkgER

he
which places a fundamental limit on the information content of physical systems. However,

S < (55)

these results were derived under the assumption of a smooth spacetime continuum, which al-
lows arbitrarily small localization of energy and entropy. At quantum scales, this assumption
may no longer hold.

The e-hierarchy framework introduces an intrinsic scale of resolution ¢; = 1/X;, below
which the manifold cannot be physically or operationally resolved. This minimal scale mod-
ifies the geometric structure near horizons and singularities and offers a new interpretation
of entropy bounds. In particular, the area A in equation (54)) must be interpreted not as a
smooth continuum quantity, but as a sheaf-theoretic measure over an ¢;-stratified surface.

Suppose the black hole horizon is foliated by e;-resolvable patches. Let each patch be of

area €2, then the number of such patches is

(56)
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The entropy becomes a count over these patches:

A
Si:kBIHQi%kB'Ni:kB'—Q, (57)
€
which converges to the Bekenstein-Hawking result in the limit ¢, — ¢p, the Planck length.
In this way, the e-hierarchy provides a scale-indexed refinement of gravitational entropy,
grounded in ordinal-based geometry rather than quantum fluctuations.
This discretization perspective also impacts the black hole’s thermal spectrum. Hawking

radiation is predicted to follow a blackbody distribution with temperature

hed

= SChp (58)

Tn
However, in the e-framework, the spectrum must be cut off at modes shorter than ¢;, leading
to a finite modification of the greybody factors and regularization of ultraviolet divergences

in emitted radiation. This corresponds to a modified density of states:

ne) xi-0 (L -w)), (59)

€;
where © is the Heaviside step function.

The concept of holography is naturally extended in this context. In standard formula-
tions, the AdS/CFT correspondence proposes a duality between a bulk gravitational theory
and a boundary field theory. The e-hierarchy suggests that such dualities may reflect not
merely geometric codimension, but scale duality as well: each ¢; level corresponds to an ef-
fective field theory cutoff and an associated boundary resolution. This interpretation aligns
with recent work in emergent spacetime and entanglement geometry [39,/40].

Furthermore, entropy bounds like the Bousso covariant entropy bound [38], which con-
strains the entropy flux through light-sheets, must be re-evaluated when the transverse area
is defined in ¢;-stratified terms. The maximal entropy flux AS through a light-sheet L with

cross-sectional area A becomes

A

ASz < 2
~ 4¢?

(60)

and is sensitive to the finest resolvable geometric layer.

In summary, the thermodynamics of black holes and the formulation of entropy bounds
receive a robust reinterpretation in the context of e-structured spacetimes. The area-entropy
correspondence becomes a scale-dependent count over ordinal-indexed patches, and the ther-
mal properties of black holes are naturally regulated without recourse to ad hoc cutoffs. This
framework offers a bridge between semiclassical gravity and fundamental scale-structured ge-

ometry, presenting new avenues for exploring the interface ...
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17 Entanglement Entropy in e-Structured Spacetime

Entanglement entropy lies at the intersection of quantum field theory, statistical mechanics,
and gravitational physics. It provides a quantifiable measure of the quantum correlations
between spatial regions and plays a central role in holography, black hole thermodynamics,
and quantum information theory. In a continuum field theory, the entanglement entropy of
a region A is typically defined via the reduced density matrix p4 = Tr3(p) and computed as

Sa=—Tr(palogpa). (61)

This quantity diverges due to short-range correlations across the boundary of A, yielding an
area law: Area(9A

Sy~ % (62)
where € is a UV regulator such as a lattice spacing or a cutoff length. However, this regu-
larization is typically introduced ad hoc, lacking a foundational justification.

In the e-hierarchy framework, this divergence receives a principled reinterpretation. The
continuum is not smooth at arbitrarily small scales; instead, it possesses a stratified in-
finitesimal structure indexed by ordinals ¢; = 1/X;. These represent the smallest physically
meaningful length scales. The entanglement entropy is therefore well-defined only for sub-
systems resolvable at scale ¢;, and equation becomes:

S,(axi) N Area(0A) ‘ (63)

€

This expression no longer diverges as ¢; is bounded below by physical resolution limits.
It implies that entanglement entropy is not a universal function of geometry alone, but is
instead scale-dependent, anchored to the resolution level of observation. Furthermore, it
aligns with the Bekenstein-Hawking entropy formula when applied to black hole horizons,
thereby unifying entanglement and gravitational entropy under a single e-structured geomet-
ric principle.

In curved spacetime, the entanglement entropy is often computed using the replica trick,
where one considers the analytic continuation of partition functions Z, defined on n-fold
branched covers:

Sa=— lirq O (log Z,, —nlog Zy) . (64)
n—

On an e-structured manifold, Z, must be defined with integration domains that respect
the minimal resolution scale. The conical singularities used in replica geometry cannot be
extrapolated to zero angle without exceeding the limits of the €; structure. As a result,

entropy calculated using the replica method is naturally regularized.
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Moreover, in holographic settings, the Ryu-Takayanagi formula relates entanglement
entropy in a boundary conformal field theory (CFT) to the area of a minimal surface in the

bulk:
_ Area(va)

4Gy

where 74 is the bulk minimal surface homologous to A. When the bulk is structured by the

Sy (65)

e-hierarchy, the minimal area is no longer computed in the naive metric, but instead in a
stratified geometry where the area is a sum over patches of size 2. Hence,
) _ Ni-€ _ Area(ya)

Sa = 4G N 4Gy (66)

with V; the number of ¢;-resolvable cells tiling v4. This construction maintains the structure
of the Ryu-Takayanagi prescription but roots it in a physically meaningful, ordinal-indexed
topology.

Entanglement entropy also governs renormalization group flows via the entropic c-theorem
in 2D and its higher-dimensional generalizations. In the e-framework, RG flow may be in-
terpreted as a shift from ¢; to €; with j > 7, corresponding to a coarser resolution. The
monotonicity of entanglement entropy under this flow reflects the reduction of accessible

correlations at lower resolutions:
€ <€ = S(i)>5(j) (67)
@ J A ZMA -

This hierarchy preserves causality and information-theoretic constraints while grounding RG
flows in ordinal geometry.

In conclusion, entanglement entropy in e-structured spacetime emerges as a scale-aware,
resolution-bounded quantity. It reconciles continuum divergences with geometric regularity,
provides a principled interpretation of area laws, and integrates seamlessly with holographic
duality and quantum field theory. The ordinal-indexed ¢;-resolution offers a coherent scaf-

folding for embedding quantum correlations within a stratified geometric continuum.

18 The Role of ¢ in Quantum Information Theory

Quantum information theory (QIT) is concerned with the storage, transmission, and ma-
nipulation of information in systems governed by the laws of quantum mechanics. Central
to QIT are measures such as entanglement entropy, mutual information, channel capacity,
and fidelity, all of which fundamentally depend on the distinguishability of quantum states.
This distinguishability, however, assumes an ideal measurement process with arbitrarily high

spatial and temporal resolution. When one introduces the...
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Let us consider the trace distance D(p, o) between two quantum states p and o, defined
by
1
D(p,0) = 5Trlp ol (68)
In operational terms, D measures the maximal probability of distinguishing p from o in a
single-shot measurement. In e-structured spacetimes, however, observables cannot resolve

degrees of freedom localized below a minimal resolution scale ¢;. Consequently, one must

replace D with a coarse-grained distance D, that averages out all structure finer than e;:

1
D€i<107 U) = §TI‘ ’gﬁi(p - U)‘ ) (69)

where &, denotes an ¢;-resolution-preserving channel or projection. This adjustment modifies

quantum distinguishability and affects the performance of all information-theoretic tasks.

The quantum mutual information between two regions A and B of a system is defined as

I(A: B) = S(pa) + S(pr) — S(pan), (70)

where S(p) is the von Neumann entropy. In the e framework, each of the entropies is scale-

dependent and becomes S calculated with respect to resolution ¢;:
I,(A: B) = 59 () + S (pp) — SV (pap). (71)

This reflects the intuitive fact that finer correlations across A and B cannot be resolved
when ¢; is large. Hence, I, (A : B) decreases as the resolution coarsens, effectively regulating
entanglement-based communication protocols.

Another fundamental concept in QIT is channel capacity. The Holevo capacity x bounds

the amount of classical information that can be reliably transmitted over a quantum channel:
xX=35 (me) —> "piS(py). (72)
J J
In an ¢;-structured setting, the entropy measures become e-bounded:
Xe; = SO (ZP;’M) =Y 0;5%py), (73)
J J

which can be interpreted as a physical limit on the communication capacity due to the
resolution constraints of spacetime itself.

The concept of fidelity, used to quantify the closeness of quantum states, is also modified.
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For states p and o, the fidelity is given by

F(p,o) = (Tr\/m)Q. (74)

In e-geometry, we define a coarse fidelity F., analogously, evaluating the expression over
states that are filtered by the ¢;-resolution constraint. Operationally, this affects the security
of quantum key distribution and the efficiency of error correction codes.

Additionally, the e-hierarchy has implications for quantum error correction. Quantum
error-correcting codes are designed under the assumption that arbitrary small errors can
be detected and corrected. However, the ¢; limit implies that errors finer than this scale
are fundamentally unresolvable. Let C be a code subspace, and A a noise channel. The

condition for correctability,

(Wil N o N ([5) (WD) = e, (75)

must be interpreted modulo e;-resolution. In particular, if A introduces structure only below
€;, it is effectively invisible to both the environment and the code.

In summary, the incorporation of the e-hierarchy into quantum information theory pro-
vides a principled framework for dealing with resolution limitations inherent to physical
spacetime. It affects the distinguishability of states, mutual information, channel capacity,
fidelity, and error correction, embedding all these information-theoretic notions within a geo-
metric hierarchy of resolvability. This not only grounds QIT in the physics of the continuum

but may also inform practical limits on quant...

19 Categorical Perspectives on the e-Hierarchy

Category theory provides a unifying framework to abstract mathematical structures and the
relationships between them. Its conceptual clarity and compositional nature make it partic-
ularly well-suited to formalize the e-hierarchy and the associated textures of the continuum.
Within this context, infinitesimal and infinite scales become morphisms between objects, and
the entire structure of ordinal-indexed resolutions can be interpreted in terms of categories,
functors, natural transformations...

Let £ denote a category whose objects are ¢;-structured sheaves on a base topological
space X, and whose morphisms preserve the ordering of resolution levels: a morphism f :
Fi — F; exists if and only if ¢; < ¢;. This ordering reflects the physical interpretation that
higher-resolution structures map naturally into lower-resolution ones, but not vice versa.

A key construct is the notion of a site. Let (C,.J) be a Grothendieck site, where C is a
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category of e;-structured open sets of a space X and J a coverage defining which families of
morphisms are jointly surjective in the e-topology. The category of sheaves Sh(C, J) models
fields, observables, and geometric properties that respect the e-stratification. For instance,
an ¢;-differentiable function is a section of a sheaf ...

The compositional nature of the e-hierarchy may be encoded via a functor:
R : Ord — Top, (76)

that sends an ordinal « to a topological space resolved at scale e, = 1/R,, with morphisms
respecting ordinal embeddings. This functor reflects the deep correspondence between set-
theoretic cardinality and physical resolution.

Furthermore, one can describe the transitions between different resolution levels as ad-
junctions. Let ¢ < €;, and consider sheaf categories Sh; and Sh; corresponding to these

scales. Then a pair of adjoint functors:
Lij : Shz = Sh] : Rij7 (77)

models coarse-graining and refinement operations respectively. The left adjoint L;; "forgets”
fine structure below e;, while the right adjoint R;; interpolates or refines from e; to e;-
resolvable sheaves. This mirrors the physical process of renormalization.

In topos theory, a category &£ is called a topos if it behaves like the category of sets,
possessing finite limits, exponentials, and a subobject classifier. The stack of ¢;-structured
sheaves forms a higher topos, equipped with internal logic and generalized geometric mor-
phisms. In such a setting, logic is not classical but internal to the e-resolution geometry.
Hence, truth values may vary with resolution: a proposition P may be valid at ¢; but
undefined at ...

From a homotopical perspective, co-categories allow us to define e-resolutions as objects
in a higher category C enriched over simplicial sets. Each ¢; then becomes a level in a
Postnikov tower or a truncation in a stratified spectrum. The interaction of logic, geometry,
and physics is thus woven into the categorical machinery at the foundations of mathematics.

In particular, one may draw inspiration from the work of Lawvere and Tierney on internal
logic, where subobject classifiers generalize characteristic functions and truth values become
internal objects. The e-topos then encodes logic adapted to infinitesimal structures. A
proposition ¢ might be true only in the limit ¢, — 0, corresponding to a colimit in the

categorical setting:

¢ = COhmi—onbi- (78)

Such constructions are essential for understanding how classical notions of truth and struc-
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ture emerge from a stratified infinitesimal geometry.

In conclusion, the categorical perspective offers a rigorous and flexible formalism for
expressing the rich structures of the e-hierarchy. Functors, adjunctions, sheaves, and toposes
allow the embedding of infinitesimal hierarchies into mathematical foundations that respect
scale-dependence and logical locality. This not only elucidates the foundations of e-structured
mathematics but also aligns naturally with developments in homotopy type theory and

categorical quantum mechanics.

20 Computational Models of e-Structured Logic

The e-hierarchy introduces a fine-grained stratification of resolution scales indexed by ordi-
nals, permitting a reformulation of logic and computation within this new framework. Un-
like classical logic, which assumes pointwise resolution and binary truth values, e-structured
logic accommodates truth that is relative to a resolution level ¢;. This leads naturally to the
development of computational models that incorporate variable logical precision, bounded
detectability, and inf...

We begin by considering type theories extended by e-indexed resolution modalities. Let

Type; denote the universe of types discernible at resolution ¢;. The judgment
I'Ft: A€ Type, (79)

indicates that the term ¢ has type A at level ¢;, meaning all components of ¢ are definable
and meaningful within an ¢;-resolved setting. This permits stratification of terms, functions,
and logical operations by resolution, where substitution and inference rules are bounded
accordingly.

The corresponding logical connectives are parameterized by ¢;. For instance, existential
quantification 3¢,z.P(x) asserts the existence of x such that P(z) holds, as detectable at
resolution ¢;. Thus, quantification becomes scale-aware, and satisfaction of logical formulae

becomes a function of resolution. This leads to e-dependent truth valuations:
M, e, E P iff P holds at scale ¢;. (80)

This logic can be modeled by modal type theories with resolution-sensitive necessity and
possibility modalities.

From a computational standpoint, this structure admits realizability interpretations. A
formula P has an ¢;-realizer r if r computes a witness to P at resolution ¢;. In constructive
settings, one may define partial combinatory algebras (PCAs) A, that encode computation

restricted to observables and distinguishabilities available at ¢;. This leads to a family of
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realizability toposes RT,,, forming an ascending tower indexed ...

Furthermore, consider the structure of a Turing machine restricted by an €;-resolution
constraint. Define an e-Turing machine TM,, as a classical Turing machine whose tape alpha-
bet, transition function, and observable configurations are all restricted to be ¢;-distinguishable.
This imposes a minimal spacing or delay between symbols and transitions, modeling the in-
ability to register changes below scale ¢;.

The time and space complexity classes in such models are altered accordingly. A problem
solvable in time T'(n) classically may now require time €; '7'(n) due to coarse time granularity.
Hence, for a complexity class C, we define an ¢;-bounded variant C., consisting of languages
decidable under these physical constraints.

Additionally, lambda calculi with e-modalities are defined by extending the simply typed
lambda calculus with operators U, and ¢.,, signifying that a function holds necessarily or

possibly at scale ¢;:
O, A= A, A= O A (81)

Such calculi respect scale-indexed substitution and beta-reduction, yielding operational se-
mantics that vary across ¢; levels.

Lastly, these ideas are reflected in computational sheaf models. A sheaf of computational
objects over a topological space stratified by ¢; resolution encodes locally consistent data
with global gluing conditions. A sheaf of partial computations F assigns to each open set U;
(of scale ¢€;) a collection of programs or data definable within that resolution. This structure
reflects the inherently local character of computability in a physically bounded continuum.

In conclusion, computational models of e-structured logic reveal a landscape in which
logical and computational processes are constrained by resolution limits encoded by ordinal
indices. This perspective not only redefines computability and logic on stratified continua
but also suggests new paradigms in complexity theory, type systems, and modal computation

consistent with the physical limitations of information processing.

21 Internal Geometry in Homotopy Type Theory

Homotopy Type Theory (HoTT) provides a powerful framework that unifies higher-dimensional
geometry, logic, and computation. It extends Martin-Lof type theory with homotopical
and higher-categorical structures, interpreting types as spaces and terms as points or paths
within those spaces. The introduction of the e-hierarchy into HoTT allows the formulation
of internal geometric structures that reflect the stratified, resolution-dependent nature of
infinitesimals. This section develops the t...

In HoTT, a type A is interpreted as a space, and an identity type x =4 y is interpreted
as a path between z and y. Higher paths define homotopies between paths, building up
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an oo-groupoid structure. The introduction of a resolution parameter ¢; allows types to be

defined with respect to geometric observability scales. We define a stratified type family:
AE—-U, €~ A, (82)

where E is the set of resolution levels and ¢/ is a universe of types. Each A., represents the
approximation of A visible at resolution ;.

Path types must now respect scale. Let x,y : A,,. The identity type

lde; (2, y) === =4,y (83)

captures the notion of distinguishability at resolution ¢;. If z and y differ only below ¢;, then
Id,(x,y) may still be inhabited, distinguishing from absolute identity. This construction
modifies the univalence axiom accordingly. Let P : A ~ B be an equivalence at resolution
€;. Then:

ua, (P) : Idy, (A, B), (84)

where U, is a universe stratified by ¢;.
Such an internal geometry also leads to a reformulation of dependent types. Let B : A —
U be a dependent family. Then the e-indexed dependent type is:

e, (z 2 Ag) Be, (), (85)

interpreted as the space of resolution-preserving sections of a fibration. These sections reflect
paths, transport, and higher homotopies that are ¢;-compatible.

Internally, one can define ¢;-manifolds as types equipped with local charts into a base
type such as RY, the ¢;-structure on R". Let M be such a type. Then a chart is a dependent
function:

¢: M — R, (36)

such that preimages of open sets in R, form a topology internal to the type theory. Transition
functions are defined as equivalences between overlapping charts, forming a type of local
homeomorphisms.

A central concept is the notion of an internal metric or proximity type. One defines a

family of predicates:
Close,, (z,y) := the type of witnesses that x and y are indistinguishable at ¢;. (87)

Such predicates define a generalized uniform structure on a type, respecting the modal

resolution levels and enabling the study of convergence, continuity, and compactness within
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the internal logic.
de-

notes the n-truncation of A visible at scale ¢;. These truncations reflect the inability to

Moreover, these geometric structures induce higher modalities. A truncation ||A||S
observe higher homotopical information beyond a resolution. Thus, in modeling physical
theories, types become stratified homotopical approximations, aligned with measurable or
computable scales.

In conclusion, the incorporation of e-hierarchies into Homotopy Type Theory offers a
coherent framework for modeling internal geometry on stratified infinitesimal continua. It
modifies identity, equivalence, dependent types, modalities, and metric properties, providing
a refined tool for exploring constructive, homotopical, and geometric logics in a physically

plausible foundation.

22 Constructive Mathematics and the e-Hierarchy

Constructive mathematics, as developed by Brouwer, Bishop, and others, emphasizes the role
of constructions and computability over classical logic’s reliance on the law of excluded middle
and non-constructive existence proofs. Within this paradigm, mathematics is developed
with proof objects and algorithmic witnesses for all statements. The introduction of the
e-hierarchy enriches this framework by stratifying constructive objects with respect to their
observable resolution.
In constructive analysis, the real numbers are constructed as Cauchy sequences or Dedekind

cuts with explicit moduli of convergence. With an ¢;-dependent resolution, a real number x

becomes not merely a limit of a sequence, but a type-level family:

= (x,)ier, (88)

where x., represents an approximation at resolution ;. The existence of a real number thus
requires the construction of a coherent sequence of approximations, each valid within the
given scale.

Constructively, an ¢;-defined neighborhood of z is given by:
Ug(z) ={y eR ||z —y| < e}, (89)

where | — y| < ¢; must be verifiable through computation. Since continuity must be wit-
nessed constructively, a function f : R — R is continuous at x if for every ¢; there exists a
0; such that:

[z =yl <di = [f(x) = fy)] <&, (90)
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and the functions §; and ¢; are computable and monotonic with respect to the index i.
The implications of the e-hierarchy extend to logical quantifiers. The constructive ex-
istential quantifier Jz.P(x) requires an explicit witness a such that P(a) holds. Under

¢;-dependent logic, this quantifier becomes:
d.,x.P(x), (91)

where the witness must be valid at resolution ¢;. In other words, P(x) is verified with
precision ¢;, which may change the truth status of P depending on scale. This is consistent
with the intuitionistic notion that truth is grounded in demonstration.

Constructive mathematics is closely related to type theory, and in particular, Martin-Lof
type theory provides a formal foundation. In this setting, the ¢;-hierarchy may be modeled by
stratified universes U,,, each containing types constructible at resolution ¢;. These universes
form an ascending chain:

U, CU, C--CU, (92)

which parallels both the ordinal indexing of ¢; and the cumulative nature of constructible
mathematics.

A major advantage of this framework is its ability to formalize vagueness or approxima-
bility within proofs. A proposition P that holds only to within ¢; can be expressed as:

Provable,, (P), (93)

meaning there exists a constructive proof of P at that resolution. As ¢; — 0, this system
allows for convergence of provability to classical truth, thus modeling a gradual refinement
of logical certainty.

The relationship between constructive logic and e-hierarchies also has deep connections
with realizability theory. In this setting, a statement is interpreted by the existence of a
computational witness, and €; bounds the computational resources or observational resolution
under which the witness is verified. Hence, realizability models with e-indexing provide a
scale-aware constructive semantics.

In conclusion, the union of constructive mathematics and the e-hierarchy yields a foun-
dation where mathematics is not only computable but resolution-aware. This hybrid theory
respects the philosophical commitments of constructivism while providing a refined scale to

reason about precision, observability, and logical truth.
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23 e-Indexed Large Cardinal Axioms

Large cardinal axioms are central to the foundations of set theory, serving as both consistency
benchmarks and tools for analyzing the structure of the set-theoretic universe. Traditional
large cardinal properties such as measurability, strong compactness, and supercompactness
assert the existence of cardinals with remarkable reflection and extension properties. Within
the framework of the e-hierarchy, we propose a stratified extension: e-indexed large cardinal
axioms, where the...

To begin, recall that a cardinal k is measurable if there exists a non-trivial, k-complete
ultrafilter U over k such that for all A C &, either A € U or k' \ A € U. In our context, we
consider an ¢;-measurable cardinal k., such that the ultrafilter U, respects e-resolution by
satisfying:

VA C ke, Ais e¢-definable = A € U, or k., \ A € U,. (94)

This condition ensures that U, is not just a measure but a scale-constrained filter, supporting
only those subsets definable at the resolution e;.

Similarly, for strong compactness, we define a cardinal k., to be ¢;-strongly compact if
every €;-definable k,-complete filter can be extended to a k,-complete ultrafilter. Let L, (k)

denote the logic permitting quantification over ¢;-definable formulas of size less than «. Then:
Ke; 1s €-strongly compact <= L., (k) satisfies compactness. (95)

This axiomatization restricts infinitary logic according to scale sensitivity, mirroring bounds
on definability and observability.

The e-indexed variant of supercompactness proceeds via elementary embeddings. Let
J 'V — M be an elementary embedding with critical point x. For ¢;-supercompactness, the

model M must respect scale:
Je; 0 V. — M., where M, |= “scale-dependent elementarity”. (96)

In particular, M., contains all ¢;-visible subsets of V), and j, (k) > A for some \ > k.

Additionally, we can define an ¢,-Woodin cardinal as a cardinal ¢ such that for all ¢;-
definable functions f : § — 9, there exists a k < § with an elementary embedding j : V' — M
satisfying:

crit(j) =k, §(f)(r) >8, M C M, with j respecting e-logic. (97)

These scale-indexed notions embed smoothly into inner model theory. Let L[u,,] denote

a constructible model relative to a r.,-measure p,. The presence of ¢;-measurables implies
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that L[u,] is well-founded and admits a fine-structure analysis at resolution ¢;, thus enabling
an e-stratified core model.
Furthermore, e-indexed large cardinal hierarchies have bearing on reflection principles.

A strong reflection at ¢; states:
Voe L, VEp=3Ja<k, Vo). (98)

This expresses the capacity of the universe to reflect properties visible at scale ¢; into smaller
initial segments.

In summary, e-indexed large cardinal axioms provide a twofold refinement of foundational
set theory. They retain the combinatorial and logical power of traditional large cardinals
while aligning with observational and computational constraints implied by the e-hierarchy.
These stratified axioms open pathways for scale-aware inner models, definability theory, and

category-theoretic interpretations of large cardinal phenomena.

24 e-Indexed Inner Model Theory and Determinacy

Inner model theory explores canonical models of set theory, such as L, L[U], or K, which
accommodate large cardinal axioms and provide fine-structural insights into the universe V.
These models are constructed with definable operations and structured hierarchies, typically
indexed by ordinals. Introducing e-indexing into this framework allows for a finer granularity
of construction, tuned to resolution levels inspired by the e-hierarchy. This augmentation
makes inner mod...

We begin with the notion of a fine-structured model M equipped with an e;-filtration,
denoted M,, such that:

M, = g, (99)
a<k
where each level J$ contains only those sets definable under ¢;-restricted comprehension.
This mirrors the structure of Jensen’s J-hierarchy, but with definability relativized to reso-
lution scale ;.

For example, in constructing L[u] with a measurable cardinal k, the ¢; version, L],
restricts the ultrafilter p., to act only on sets definable with scale-bound formulas. Conse-
quently, the resulting model reflects both large cardinal strength and a notion of observational
precision.

Consider also the core model K, typically defined to capture the consistency strength of

large cardinals below a Woodin cardinal. Within the e-framework, we define a resolution-
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indexed core model K., satistying:
K., = ZF + "all constructions are ¢;-definable”. (100)

This model acts as a proxy for traditional inner models but carries with it an epistemological
filter: only what is visible or expressible at ¢; is admitted.

Moving to determinacy, we consider games of length w with payoff sets in definable
pointclasses. Determinacy axioms such as AD (Axiom of Determinacy) replace AC and
imply structural regularity in R. An ¢;-version of determinacy, denoted AD,,, restricts the
admissible games to those with ¢;-definable strategies. For a game G(A) where A C N¥ is
¢;-definable, we say:

AD., : VA € ¥l (), G(A) is determined. (101)

This notion yields a hierarchy of determinacy principles sensitive to resolution, which may
be mapped to hierarchies of ¢;~-Woodin cardinals.

Under the equivalence:
AD,, <= Existence of ¢;-Woodin cardinals, (102)

the theory mirrors the deep correlation between determinacy and large cardinals, now
resolution-aware.

Moreover, inner models with e-indexed strategies can be adapted to define canonical
scales. Let f : R — R be a norm arising from a scale on a pointclass. The ¢;-analogue
requires f to satisfy:

fl@) < fly) =z =y, (103)

where <., is a definable quasi-order observable at resolution ¢;. These scales determine the
rank of complexity under limited comprehension.

Applications of these ideas are not limited to determinacy; they extend into descriptive
set theory. In particular, the €;-projective hierarchy and corresponding boldface pointclasses
form a refined framework for classifying subsets of R according to both logical and scale

complexity. One can define X! (¢;) and II. (¢;) as:
Y1 (&;) = Sets definable by 3 quantifiers over N* with e;-formulae. (104)

In conclusion, the incorporation of the e-hierarchy into inner model theory and deter-
minacy produces a two-dimensional refinement. It enables fine-structural models sensitive
to logical strength and observational scale, providing deeper foundations for canonical set-

theoretic constructions and regularity phenomena in descriptive set theory.
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25 Applications to e-Indexed Descriptive Set Theory

Descriptive set theory provides a framework for classifying subsets of Polish spaces, particu-
larly R and N“, using definability and topological complexity. Traditional pointclasses such
as X1 TIL. and their boldface counterparts encode levels of logical complexity. In the con-
text of the e-hierarchy, we refine this classical landscape by introducing resolution-indexed
analogues X! (¢;) and II.(¢;), capturing s...

To begin, let A C N“ be a set defined by a formula ¢ with quantification over sequences.
We define:

AeXi(e) &= A={z e N :3yVYys...Quyn 0(x,y1,---,Yn)}, (105)

where ¢ is constrained to formulas expressible at resolution ¢;. Thus, sets in X1 (¢;) exhibit
complexity not only in logical alternation but also in definitional scale.

Classical separation theorems, such as the separation of disjoint 3{ sets by Borel sets,
may fail or require reformulation under e-resolution. For example, for A, B C N¥ with
ANB=0and A, B € ¥{(¢;), we seek a Borel ¢;-definable set C' such that:

ACC, BNnC=40, C e€Borel,. (106)

This encapsulates separation under bounded observability and yields insight into the logical
geometry of definable sets.
Scales also admit an erefinement. A scale on a set A € Xl(¢;) is a family of norm

functions f; : A — w satisfying:

T =e, y & Ik filx) < fuly), (107)
where <., is a quasi-order definable at resolution ¢;. These norms stratify complexity and
continuity within limited cognitive or physical precision.

Under determinacy assumptions such as AD,,, one recovers regularity properties like the
perfect set property and uniformization:
VA CNY A€ X! (e) = A has the perfect set property or is countable. (108)
Moreover, if R C N¥ x N“ is ¢;-definable, then:

df : N¥ — N“, graph(f) C R, f is ¢-definable. (109)

These properties mirror classical results under AD, but reflect scale-filtered definability.
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A rich structure arises when studying e-indexed hierarchies of Borel sets. Let B,(¢;)
denote Borel sets constructed through « steps of union and intersection with formulas at

resolution ¢;. The classical Borel hierarchy now becomes a two-dimensional array:

This framework enriches classical notions of complexity with a refined observational and
computational stratification.
Another key tool is the Suslin operation 4, generating analytic sets. In e-indexed theory,

one modifies A to apply only to trees whose branches are definable at scale ¢;:
A (T) = {x € N*: z is a branch of an ¢;-definable tree T'}. (111)

This refined analytic class corresponds to X1(¢;) and enables a nuanced understanding of
projection and definability.

In conclusion, e-indexed descriptive set theory extends classical definability to include
epistemological and computational limits. It reshapes classical hierarchies into richer, resolution-
aware landscapes that reflect finite comprehension, bounded resources, and layered logical

insight.

26 Internal Toposes Defined by ¢-Sheaves

Topos theory generalizes set theory through categorical models of logic, where each topos
behaves like a universe of sets but with internal logic and structure dictated by its site of
definition. When this site is equipped with a scale-structured topology parameterized by
an infinitesimal ¢;, we arrive at the notion of an e-sheaf and its associated internal topos.
This allows us to model fine-grained logical environments reflective of the e-hierarchy and
resolution-c...

Let C be a small category equipped with a Grothendieck topology J,,, where the covering
sieves respect resolution ¢;. That is, a family {f; : Uy — U} is a cover in J,, only if each
morphism fj is e¢;-definable. A presheaf F': C°® — Set is an ¢;-sheaf if it satisfies the usual

descent condition with respect to J,:

F(U) = [[F0) = [ FU v Ue) (112)
k k¢

is an equalizer, with the product and equalizer interpreted within the bounds of ¢;-definability.
The category of such ¢;-sheaves, denoted Sh,,(C, J.,), is a Grothendieck topos, supporting

an internal logic shaped by e-constrained constructions. Within this topos, every proposition
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and object carries the epistemic mark of the resolution level. The subobject classifier €2,

represents the lattice of ¢;-definable truth-values:
Sub,, (A) = Hom(A4, Q) (113)

for every object A in Sh,,.
An essential concept is that of an internal logic. Each internal topos &, realizes in-
tuitionistic higher-order logic constrained by e;-definability. This allows the modeling of

propositions like “z is infinitesimally close to y” within the structure of the topos:
E, EVz Iy (lz —y| < ¢€). (114)

This logic enables reasoning about continuous phenomena, infinitesimals, and resolution-
sensitive mathematics.

One application is in synthetic differential geometry (SDG), where infinitesimals play a
foundational role. Within the e-sheaf topos, the ring of smooth functions C'*° is extended

with a ring R, of ¢;-infinitesimal elements satistying:
Vd € R.,, d" =0 for some n € N, and |d| < ¢;. (115)

This structure realizes infinitesimal neighborhoods and tangent spaces in a scale-aware fash-
ion.

Additionally, each such topos has an internal language where categorical semantics align
with logical deduction. The e-indexed internal logic offers a rich spectrum of modalities,
aligning with layered epistemology. For example, the modal operator L], could be interpreted

Y

as “provable at resolution ¢;,” and its Kripke semantics corresponds to sheafification over
¢;-filtered covers.

The presence of e-indexed universes further supports internal recursion, type construc-
tions, and higher inductive types. Such structures are crucial when integrating homotopical

methods or modeling logical frameworks like homotopy type theory internally:
U, E “Type is closed under I, ¥, and inductive definitions at resolution €/ . (116)

In conclusion, internal toposes built from e-sheaves serve as natural categorical envi-
ronments for encoding infinitesimal structure and logical granularity. They combine the
tools of topos theory, model theory, and category theory into a unified framework where the

e-hierarchy plays a central role in modulating both definability and geometry.
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27 Outlook and Further Directions

The formulation of the e-hierarchy as a mirror to Cantor’s aleph hierarchy invites a broad ar-
ray of further developments, both foundational and applied. The conception of infinitesimals
as indexed by ordinally-structured levels offers no only a new perspective on the continuum,
but also the possibility of introducing a new foundational architecture for mathematics, one
in which both the infinitely large and the infinitely small are given symmetrical treatment.
This outlook aligns with historical efforts to unify discrete and continuous mathematics
through ordinal-indexed constructions.

One immediate direction for further work is the formalization of the e-hierarchy within
existing logical frameworks. Although the surreal numbers provide a rich and expressive
structure that naturally supports infinitesimals of varying order [2], it remains to be seen
whether an explicit bijective mapping between {¢;} and {X;} can be constructed within
a standard foundational system such as ZFC, or whether it requires extension to larger
frameworks such as nonstandard or category-theoretic foundations beyond traditional set-
theoretic limits.

A key step toward formal rigor would involve the introduction of a model-theoretic se-
mantics for ¢; elements, analogous to the use of ultrafilters and ultrapowers in constructing
hyperreal fields [1]. One could define a hierarchy of ultrafilters indexed by ordinals, and asso-
ciate to each an ultraproduct construction yielding a level-specific infinitesimal. This would
allow for a model-theoretic realization of the e-hierarchy in a way that is consistent with the
foundational aims of transfinite set theory and model-theoretic semantics. compatible with
current logical standards governing ultraproduct-based semantic systems.

There also lies the intriguing possibility of a dual-forcing technique. In traditional set-
theoretic forcing, one adds new subsets to the universe to enlarge the cardinality of the
continuum or to create generic extensions where specific set-theoretic propositions hold [4].
By analogy, a form of infinitesimal forcing might be imagined, wherein one introduces new
infinitesimal elements with specified structural properties. Such a technique could poten-
tially lead to novel models of analysis where infinitesimal structures generate new types of
convergence and local differential behavior.

In the realm of geometry and topology, the e-hierarchy may enable the construction of
spaces where infinitesimal structure is as fundamental as point-set topology. These may
include e-structured manifolds, in which the tangent space at each point is stratified by
layers of infinitesimal neighborhoods corresponding to different ¢;. The analysis on such
spaces would require a generalization of differential calculus, potentially aligning with or
extending synthetic differential geometry and categorical structures with stratified tangents.

In algebra, one could explore rings and fields in which the ¢; satisfy specified algebraic
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identities, such as
6? = €itn, (117)

or

€+ €5 = €max(i,5)» (118)

depending on how multiplicative and additive operations are defined across levels. Such
algebraic behavior could define a new class of graded infinitesimal algebras with applications
to deformation theory, differential graded categories, and homotopical algebra and derived
geometry, offering new algebraic frameworks for infinitesimal interactions.

Another potential application lies in the mathematical modeling of perception, cogni-
tion, and physical observability. In physical theories that probe scales approaching the
Planck length, the standard continuum hypothesis may no longer be appropriate. A scale-
sensitive mathematical structure like the e-hierarchy could be more apt in expressing local-
ized, resolution-limited observations. This echoes discussions in theoretical physics regarding
the need for a quantum theory of space-time, where the classical continuum breaks down,
and quantized geometry or discrete models may emerge naturally.

Furthermore, the e-hierarchy may offer a pathway toward unification in mathematical
logic. Its inherent structure invokes large cardinal theory, ordinal arithmetic, nonstandard
analysis, and surreal number theory in a cohesive manner. By leveraging this duality, re-
searchers may find new interpretations of undecidability, definability, and incompleteness,
particularly as they relate to continuum-sized constructions. It may even inspire new ax-
iomatic frameworks where infinitesimals are not merely symbolic but structurally embedded
in the architecture of mathematical reasoning.

Finally, the philosophical ramifications of a textured continuum are significant. The idea
that the real line possesses an internal structure stratified by infinitesimal orders challenges
the prevailing Platonist view of the real numbers as a completed totality. Instead, it encour-
ages a dynamic, multi-scaled ontology of the continuum, where the infinitesimal and infinite
participate equally in shaping mathematical reality. This shift invites further exploration
not only in mathematics, but also in the philosophy of mathematics, ontology of space-time,

and theories of perception and cognition.

28 Conclusion

In this paper, we have developed a comprehensive framework for the e-hierarchy, conceived
as the mirror dual of Cantor’s N-hierarchy, to articulate a novel conceptual architecture for
the textures of the continuum. By assigning infinitesimal scales ¢; = 1/X; to each cardinal

level N;, we introduce a system of nested resolution scales that reflect layered structures in
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logic, geometry, set theory, and physics. This framework not only enriches our understan...

We have demonstrated that the e-hierarchy is not merely a syntactic convenience or philo-
sophical metaphor, but rather a rigorous analytical apparatus that manifests across several
domains. In logic, it defines stratified truth predicates and scale-dependent models. In ge-
ometry and physics, it provides infinitesimal neighborhoods and sheaf structures suitable for
both classical and quantum fields. In black hole thermodynamics and quantum information
theory, it introduces modified entropy...

This work opens multiple directions for future research. These include the development of
complete internal logics and topos-theoretic semantics for e-structured spaces, applications to
foundational aspects of quantum field theory and cosmology, and the exploration of e-indexed
large cardinals and their inner models. Ultimately, the e-hierarchy invites a reexamination
of continuity, structure, and finitude—offering a framework where infinitesimals are not

banished, but ...
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