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Abstract. This paper introduces a novel structural approach to the Collatz Conjecture using a
rooted binary tree framework based on odd integers. The infinite tree, rooted at 1, encompasses all
positive integers and provides a systematic method for establishing parent-child relationships among
Collatz predecessors. In particular, a rule-based path construction is defined to resolve ambiguity
in the standard inverse Collatz map, especially for even integers of the form 2𝑛 where 𝑛 > 2. This
framework offers new insight into the conjecture’s universal convergence property.

1. Introduction

The Collatz Conjecture concerns the behavior of a simple recursively defined sequence on the set
of positive integers. For any given 𝑛 ∈ Z+, define the transformation 𝑇 : Z+ → Z+ by

𝑇 (𝑛) =
{
𝑛
2 , if 𝑛 ≡ 0 (mod 2),
3𝑛 + 1, if 𝑛 ≡ 1 (mod 2).

The Collatz sequence is generated by iteratively applying 𝑇 to 𝑛, yielding the trajectory:

𝑛, 𝑇 (𝑛), 𝑇2(𝑛), 𝑇3(𝑛), . . . .

The conjecture asserts that for all 𝑛 ∈ Z+, there exists a finite 𝑘 ∈ N such that 𝑇 𝑘 (𝑛) = 1. Despite its
elementary formulation, the conjecture has resisted proof for decades and remains an open problem
in mathematics.
In this work, a new framework is proposed for studying the Collatz Conjecture by constructing a
rooted infinite binary tree in which each node corresponds to an odd positive integer. The tree is
rooted at 1 and extends upward by reversing the operations defined by 𝑇 , assigning parent nodes
according to a systematic rule that ensures every positive integer is represented within the structure.
A central aspect of this framework is the redefinition of the parent-child relationship for even
integers of the form 2𝑛, where 𝑛 > 2. Although these numbers are not odd, they are incorporated
into the tree via uniquely determined sequences that trace back to an odd ancestor. This modification
resolves ambiguities inherent in traditional inverse mappings and ensures that the resulting tree is
both complete and well-defined.
The objective of this approach is to provide a new perspective from which to analyze the global
structure of Collatz trajectories. By encoding the dynamics into a combinatorial object—a binary
tree—structural insights may be gained that contribute toward understanding, and potentially resolv-
ing, the conjecture’s assertion of universal convergence. Natural language assistance and technical
formatting were supported using OpenAI’s ChatGPT [Ope25], which was employed throughout
the development of this paper to help clarify and polish the presentation of ideas.
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2. Collatz Equations in terms of odd indices

Lemma 2.1. Let 𝑥𝑐 = 2𝑐 + 1 and 𝑦𝑝 = 2𝑝 + 1 denote successive odd integers in a Collatz sequence,
defined by

𝑦𝑝 =
3𝑥𝑐 + 1

2𝑛
.

Suppose 𝑐 ≡ 0 (mod 4). Then for integer values of 𝑝, the equation admits a solution only when

𝑛 = 2, and in that case, 𝑝 =
3𝑐
4

.

Proof. Let 𝑐 = 4𝑧 for some 𝑧 ∈ Z. Then,

𝑥𝑐 = 2𝑐 + 1 = 2(4𝑧) + 1 = 8𝑧 + 1.

Substitute into the Collatz transformation:

𝑦𝑝 =
3𝑥𝑐 + 1

2𝑛
=

3(8𝑧 + 1) + 1
2𝑛

=
24𝑧 + 4

2𝑛
.

Equating with 𝑦𝑝 = 2𝑝 + 1, we get:

2𝑝 + 1 =
24𝑧 + 4

2𝑛
.

Case 1: 𝑛 = 1.

2𝑝 + 1 =
24𝑧 + 4

2
= 12𝑧 + 2 ⇒ 2𝑝 = 12𝑧 + 1 ⇒ 𝑝 =

12𝑧 + 1
2

.

Since 12𝑧+1
2 ∉ Z for any 𝑧 ∈ Z, there is no integer solution for 𝑝 in this case.

Case 2: 𝑛 = 2.
2𝑝 + 1 =

24𝑧 + 4
4

= 6𝑧 + 1 ⇒ 2𝑝 = 6𝑧 ⇒ 𝑝 = 3𝑧.

Now recall that 𝑐 = 4𝑧, so 𝑧 = 𝑐
4 . Substituting:

𝑝 = 3 · 𝑐
4
=

3𝑐
4
.

Since 𝑐 ≡ 0 (mod 4), it follows that 3𝑐
4 ∈ Z, and thus 𝑝 ∈ Z as required.

Hence, the equation admits an integer solution if and only if 𝑛 = 2, in which case:

𝑝 =
3𝑐
4

.

□

Corollary 2.2. Let 𝑝 ∈ Z be an odd index in the Collatz sequence that arises from a previous odd
index 𝑐 ≡ 0 (mod 4) via the transformation

2𝑝 + 1 =
3(2𝑐 + 1) + 1

4
.

Then the value of 𝑐 can be expressed in terms of 𝑝 as

𝑐 =
4𝑝
3

.
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Proof. From the result of Lemma 2.1 (case 𝑛 = 2), we have:

𝑝 =
3𝑐
4
.

Solving for 𝑐 yields:

𝑐 =
4𝑝
3
.

Since 𝑝 ∈ Z, 𝑐 ∈ Z if and only if
𝑝 ≡ 0 (mod 3).

This is consistent with the requirement that 𝑐 ≡ 0 (mod 4) in the forward mapping.
Examples:

𝑝 = 3 =⇒ 𝑐 =
4 × 3

3
= 4,

𝑝 = 6 =⇒ 𝑐 =
4 × 6

3
= 8,

𝑝 = 9 =⇒ 𝑐 =
4 × 9

3
= 12,

𝑝 = 12 =⇒ 𝑐 =
4 × 12

3
= 16.

Each 𝑐 satisfies 𝑐 ≡ 0 (mod 4) and corresponds to integer values under the reverse relation. □

Lemma 2.3. Let 𝑥𝑐 = 2𝑐 + 1 denote an odd integer, and let 𝑦𝑝 = 2𝑝 + 1 be the next odd number in
the Collatz sequence such that

𝑦𝑝 =
3𝑥𝑐 + 1

2𝑛
.

Assume that 𝑥𝑐 ≡ 3 (mod 8), corresponding to the case 𝑐 ≡ 1 (mod 4), and consider the minimal
case where 𝑛 = 1, i.e., only one division by 2 is required to reach the next odd value. Then the
relationship between the odd indices 𝑐 and 𝑝 is given by:

𝑝 =
3𝑐 + 1

2
.

Proof. Let 𝑐 = 4𝑧 + 1 for some 𝑧 ∈ Z, so that 𝑥𝑐 = 2𝑐 + 1 = 2(4𝑧 + 1) + 1 = 8𝑧 + 3, an odd integer
congruent to 3 modulo 8.
Substitute 𝑥𝑐 into the Collatz expression:

𝑦𝑝 =
3𝑥𝑐 + 1

2
=

3(8𝑧 + 3) + 1
2

=
24𝑧 + 10

2
= 12𝑧 + 5.

Since 𝑦𝑝 = 2𝑝 + 1, equating both sides:
2𝑝 + 1 = 12𝑧 + 5 ⇒ 2𝑝 = 12𝑧 + 4 ⇒ 𝑝 = 6𝑧 + 2.

Now recall 𝑐 = 4𝑧 + 1 ⇒ 𝑧 = 𝑐−1
4 , so:

𝑝 = 6
(
𝑐 − 1

4

)
+ 2 =

6(𝑐 − 1)
4

+ 2 =
3(𝑐 − 1)

2
+ 2 =

3𝑐 + 1
2

.

Hence, the relationship between the indices is:

𝑝 =
3𝑐 + 1

2
,

as claimed. □
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Corollary 2.4. Under the assumptions of Lemma 2.3, the odd index 𝑐 can be expressed in terms of
the odd index 𝑝 as:

𝑐 =
2𝑝 − 1

3
.

This expression yields integer values of 𝑐 if and only if

2𝑝 − 1 ≡ 0 (mod 3),

or equivalently,
𝑝 ≡ 2 (mod 3).

Hence, the reverse Collatz step is well-defined and produces integer 𝑐 ∈ Z only for 𝑝 ≡ 2 (mod 3).

Proof. Starting from the forward relation established in Lemma 2.3:

𝑝 =
3𝑐 + 1

2
,

solve for 𝑐:
2𝑝 = 3𝑐 + 1 =⇒ 3𝑐 = 2𝑝 − 1 =⇒ 𝑐 =

2𝑝 − 1
3

.

For 𝑐 ∈ Z, the numerator 2𝑝 − 1 must be divisible by 3. That is,

2𝑝 − 1 ≡ 0 (mod 3) =⇒ 2𝑝 ≡ 1 (mod 3).

Since 2 ≡ −1 (mod 3), multiply both sides by 2’s inverse modulo 3 (which is 2):

𝑝 ≡ 2 (mod 3).

Examples:

𝑝 = 2 =⇒ 𝑐 =
2(2) − 1

3
=

3
3
= 1,

𝑝 = 5 =⇒ 𝑐 =
2(5) − 1

3
=

9
3
= 3,

𝑝 = 8 =⇒ 𝑐 =
2(8) − 1

3
=

15
3

= 5,

𝑝 = 11 =⇒ 𝑐 =
2(11) − 1

3
=

21
3

= 7.

These confirm that when 𝑝 ≡ 2 (mod 3), the reverse step produces integer values of 𝑐. □

Lemma 2.5. Let 𝑥𝑐 = 2𝑐 + 1 and 𝑦𝑝 = 2𝑝 + 1 denote successive odd integers in a Collatz sequence.
Suppose that 𝑐 ≡ 3 (mod 4), i.e., 𝑐 = 4𝑧 + 3 for some 𝑧 ∈ Z, and assume that the Collatz iteration
requires only one division by 2:

𝑦𝑝 =
3𝑥𝑐 + 1

2
.

Then the relationship between 𝑐 and 𝑝 is given by:

𝑝 =
3𝑐 + 1

2
,

and this yields integer values of 𝑝 whenever 𝑐 ≡ 3 (mod 4).
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Proof. Start with the standard odd-to-odd Collatz transition:

𝑦𝑝 =
3𝑥𝑐 + 1

2
,

where:
𝑥𝑐 = 2𝑐 + 1, 𝑦𝑝 = 2𝑝 + 1.

Substitute 𝑥𝑐 into the equation:

2𝑝 + 1 =
3(2𝑐 + 1) + 1

2
=

6𝑐 + 4
2

= 3𝑐 + 2.

Solve for 𝑝:

2𝑝 + 1 = 3𝑐 + 2 ⇒ 2𝑝 = 3𝑐 + 1 ⇒ 𝑝 =
3𝑐 + 1

2
.

Now, let 𝑐 = 4𝑧 + 3 for some 𝑧 ∈ Z, since 𝑐 ≡ 3 (mod 4). Substitute into the expression for 𝑝:

𝑝 =
3(4𝑧 + 3) + 1

2
=

12𝑧 + 9 + 1
2

=
12𝑧 + 10

2
= 6𝑧 + 5.

Thus, 𝑝 ∈ Z, and we conclude that for all 𝑐 ≡ 3 (mod 4), the expression 𝑝 = 3𝑐+1
2 yields an integer

value.
□

Corollary 2.6. Let 𝑥𝑐 = 2𝑐 + 1 and 𝑦𝑝 = 2𝑝 + 1 be successive odd integers in a Collatz sequence,
and suppose that the Collatz iteration satisfies

𝑦𝑝 =
3𝑥𝑐 + 1

2
,

which corresponds to a single division by 2 after applying 3𝑥 + 1. Then the indices 𝑐 and 𝑝 satisfy
the relation:

𝑐 =
2𝑝 − 1

3
.

This expression yields positive integer values of 𝑐 ∈ Z>0 if and only if

𝑝 ≡ 2 (mod 3), 𝑝 ≥ 2,

i.e., 𝑝 = 3𝑘 + 2 for some 𝑘 ∈ Z≥0. Thus, the reverse Collatz step is well-defined for all such positive
integers 𝑝, producing corresponding positive integers 𝑐.

Examples:

𝑝 = 2 =⇒ 𝑐 =
2(2) − 1

3
=

3
3
= 1,

𝑝 = 5 =⇒ 𝑐 =
2(5) − 1

3
=

9
3
= 3,

𝑝 = 8 =⇒ 𝑐 =
2(8) − 1

3
=

15
3

= 5,

𝑝 = 11 =⇒ 𝑐 =
2(11) − 1

3
=

21
3

= 7.

Lemma 2.7. Let 𝑥𝑐 = 2𝑐 + 1 denote an odd integer, and let 𝑦𝑝 = 2𝑝 + 1 be the next odd number in
the Collatz sequence such that

𝑦𝑝 =
3𝑥𝑐 + 1

2𝑛
.
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There is no integer solutions for 𝑐 ≡ 2 (mod 4) in the Standard Collatz Odd-to-Odd Map for
𝑛 = 1, 2

Proof. Consider the standard Collatz odd-to-odd iteration:

𝑦𝑝 =
3𝑥𝑐 + 1

2𝑛
,

where
𝑦𝑝 = 2𝑝 + 1, 𝑥𝑐 = 2𝑐 + 1,

and 𝑐 is an odd index of the odd integer 𝑥𝑐.
Assume

𝑐 = 4𝑧 + 2, 𝑧 ∈ Z.

We examine the cases 𝑛 = 1 and 𝑛 = 2:

Case 𝑛 = 1:
2𝑝 + 1 =

3(2𝑐 + 1) + 1
2

=
6𝑐 + 4

2
= 3𝑐 + 2.

Substituting 𝑐 = 4𝑧 + 2:

2𝑝 + 1 = 3(4𝑧 + 2) + 2 = 12𝑧 + 6 + 2 = 12𝑧 + 8.

Thus,

2𝑝 = 12𝑧 + 7 =⇒ 𝑝 =
12𝑧 + 7

2
.

Since 𝑝 must be an integer, the numerator 12𝑧 + 7 must be even. But 12𝑧 is always even, and 7 is
odd, so 12𝑧 + 7 is odd for all integers 𝑧. Hence,

𝑝 ∉ Z,

and no integer solution exists for 𝑛 = 1.

Case 𝑛 = 2:
2𝑝 + 1 =

3(2𝑐 + 1) + 1
4

=
6𝑐 + 4

4
=

3𝑐 + 2
2

.

Multiply both sides by 2:
4𝑝 + 2 = 3𝑐 + 2 =⇒ 4𝑝 = 3𝑐.

Substitute 𝑐 = 4𝑧 + 2:
4𝑝 = 3(4𝑧 + 2) = 12𝑧 + 6,

thus
𝑝 = 3𝑧 + 3

2
.

Since 3
2 ∉ Z, 𝑝 ∉ Z for all integers 𝑧. Hence, no integer solution exists for 𝑛 = 2.

□

For 𝑐 ≡ 2 (mod 4), there are no integer solutions 𝑝 ∈ Z for the standard Collatz odd-to-odd map
with 𝑛 = 1 or 𝑛 = 2. This corresponds to the Collatz case where more than two divisions by 2 are
required to reach the next odd number.
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Lemma 2.8. Let 𝑥𝑐 = 2𝑐 + 1 denote an odd integer, and let 𝑦𝑝 = 2𝑝 + 1 be the next odd number in
the Collatz sequence such that

𝑦𝑝 =
3𝑥𝑐 + 1

2𝑛
.

While there is no integer solutions for 𝑐 ≡ 2 (mod 4) in the Standard Collatz Odd-to-Odd Map for
𝑛 = 1, 2, there exists an intermediate odd integer 𝑦𝑝 silently passed through during the 2𝑛-division
process. This relationship can be evaluated via the modified equation:

3𝑦𝑝 + 1 =
3𝑥𝑐 + 1

2𝑛
,

which tracks the intermediate odd integer 𝑦𝑝 appearing after partial divisions by 2 before reaching
the next odd integer in the sequence.

Proof. We are given the equation:

3𝑦𝑝 + 1 =
3𝑥𝑐 + 1

2𝑛
,

and define:
𝑦𝑝 = 2𝑝 + 1, 𝑥𝑐 = 2𝑐 + 1.

Substitute into the equation:

3(2𝑝 + 1) + 1 =
3(2𝑐 + 1) + 1

2𝑛
⇒ 6𝑝 + 4 =

6𝑐 + 4
2𝑛

.

Multiply both sides by 2𝑛:
2𝑛 (6𝑝 + 4) = 6𝑐 + 4.

Now assume 𝑐 = 4𝑧 + 2, so 𝑐 ≡ 2 (mod 4), and analyze for integer solutions.
Case 1: 𝑛 = 1
We have:

2(6𝑝 + 4) = 6𝑐 + 4 ⇒ 12𝑝 + 8 = 6𝑐 + 4.
Solve:

12𝑝 = 6𝑐 − 4 ⇒ 𝑝 =
6𝑐 − 4

12
.

Now substitute 𝑐 = 4𝑧 + 2:

𝑝 =
6(4𝑧 + 2) − 4

12
=

24𝑧 + 12 − 4
12

=
24𝑧 + 8

12
= 2𝑧 + 2

3
.

This is not an integer, so no integer 𝑝 satisfies the equation when 𝑛 = 1.
Example: Let 𝑧 = 1 ⇒ 𝑐 = 6, then 𝑥𝑐 = 2𝑐 + 1 = 13,

3𝑥𝑐 + 1
2

=
3(13) + 1

2
=

40
2

= 20,

but then
3𝑦𝑝 + 1 = 3(2𝑝 + 1) + 1 = 6𝑝 + 4 ⇒ 6𝑝 + 4 = 20 ⇒ 𝑝 =

16
6

=
8
3
.

Case 2: 𝑛 = 2

4(6𝑝 + 4) = 6𝑐 + 4 ⇒ 24𝑝 + 16 = 6𝑐 + 4.
Solve:

24𝑝 = 6𝑐 − 12 ⇒ 𝑝 =
6𝑐 − 12

24
=
𝑐 − 2

4
.
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Substitute 𝑐 = 4𝑧 + 2:
𝑝 =

(4𝑧 + 2) − 2
4

=
4𝑧
4

= 𝑧.

Hence 𝑝 ∈ Z for all 𝑧 ∈ Z, and the relation holds.
Example 1: Let 𝑧 = 1 ⇒ 𝑐 = 6, then 𝑥𝑐 = 2𝑐 + 1 = 13,

3𝑥𝑐 + 1
4

=
3(13) + 1

4
=

40
4

= 10,
so

3𝑦𝑝 + 1 = 3(2𝑝 + 1) + 1 = 3(3) + 1 = 10 ⇒ 𝑝 = 1.
Example 2: Let 𝑧 = 2 ⇒ 𝑐 = 10, then 𝑥𝑐 = 2(10) + 1 = 21,

3𝑥𝑐 + 1
4

=
64
4

= 16 ⇒ 3𝑦𝑝 + 1 = 16 ⇒ 𝑦𝑝 = 5,⇒ 𝑝 = 2.

For 𝑐 ≡ 2 (mod 4), there is no integer solution 𝑝 when 𝑛 = 1. - For 𝑛 = 2, there are valid integer
solutions given by:

𝑐 = 4𝑧 + 2, 𝑝 = 𝑧.

□

Corollary 2.9. Let 𝑥𝑐 = 2𝑐 + 1 and 𝑦𝑝 = 2𝑝 + 1 be successive odd numbers in a Collatz sequence
such that:

3𝑦𝑝 + 1 =
3𝑥𝑐 + 1

2𝑛
,

with 𝑐 ≡ 2 (mod 4), i.e., 𝑐 = 4𝑧 + 2, and suppose 𝑛 = 2 (exactly two divisions by 2 occur before
reaching the next odd value). Then the odd indices 𝑐 and 𝑝 are related by:

𝑐 = 4𝑝 + 2 .

Proof. We start from the equation:

3𝑦𝑝 + 1 =
3𝑥𝑐 + 1

4
,

and let 𝑦𝑝 = 2𝑝 + 1, 𝑥𝑐 = 2𝑐 + 1. Substituting:

3(2𝑝 + 1) + 1 =
3(2𝑐 + 1) + 1

4
⇒ 6𝑝 + 4 =

6𝑐 + 4
4

.

Multiply both sides by 4:
4(6𝑝 + 4) = 6𝑐 + 4 ⇒ 24𝑝 + 16 = 6𝑐 + 4.

Solve for 𝑐:
6𝑐 = 24𝑝 + 12 ⇒ 𝑐 =

24𝑝 + 12
6

= 4𝑝 + 2.
Thus, the reverse relationship is:

𝑐 = 4𝑝 + 2 ,

which always yields 𝑐 ≡ 2 (mod 4), as required.
Example 1: Let 𝑝 = 0 ⇒ 𝑐 = 4(0) + 2 = 2, then:

𝑥𝑐 = 2𝑐 + 1 = 5, 𝑦𝑝 = 2𝑝 + 1 = 1.
Check:

3(1) + 1 = 4,
3(5) + 1

4
=

16
4

= 4.
Match confirmed.
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Example 2: Let 𝑝 = 2 ⇒ 𝑐 = 4(2) + 2 = 10, then:

𝑥𝑐 = 2(10) + 1 = 21, 𝑦𝑝 = 2(2) + 1 = 5.

Check:

3(5) + 1 = 16,
3(21) + 1

4
=

64
4

= 16.

Match confirmed. □

3. Collatz Child-to-Parent Odd-to-Odd Index Transition

The Collatz iteration, when restricted to odd numbers, defines a mapping from a child index 𝑐 ∈ Z
to a unique parent index 𝑝 ∈ Z, skipping over intermediate even values. Let the odd numbers be
expressed as:

𝑥𝑐 = 2𝑐 + 1, 𝑦𝑝 = 2𝑝 + 1,

where 𝑥𝑐 is an odd number mapped forward under the Collatz rule:

𝑦𝑝 =
3𝑥𝑐 + 1

2𝑛
.

The modular class of 𝑐 mod 4, leads to a piecewise relation between the child index 𝑐 and the
parent index 𝑝:

𝑝 = 𝑓 (𝑐) =



3𝑐 + 1
2

if 𝑐 ≡ 1 or 3 (mod 4),Using Lemma 2.3 2.5

3𝑐
4

if 𝑐 ≡ 0 (mod 4),Using Lemma 2.1

𝑐 − 2
4

if 𝑐 ≡ 2 (mod 4).Using Lemma 2.8

Each case corresponds to a distinct number of even steps between successive odd values in the
sequence: - If 𝑐 ≡ 1 or 3 mod 4, then 𝑛 = 1 and only one division by 2 occurs. - If 𝑐 ≡ 0 mod 4,
then 𝑛 = 2, requiring two divisions by 2. - If 𝑐 ≡ 2 mod 4, then 𝑛 = 2, requiring two divisions by
2.
This partition ensures that for every child index 𝑐 ∈ Z, there is a **unique corresponding parent
index 𝑝 ∈ Z** under the Collatz map. Consequently, the set of odd indices forms a directed graph
with **one-to-one child-to-parent relationships**, structuring the Collatz dynamics as a **rooted
binary tree over the odd integers**.
The halting condition for the sequence is defined as reaching the root index 𝑝 = ROOT, via either
of the following transition equations:

𝑝 =
3𝑐 + 1

2
or 𝑝 =

3𝑐
4
.
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Table 1. Examples for each child to parent formula including integer parameterizations

Case 𝑐 mod 4 𝑐 integer form Formula for 𝑝 𝑝 integer form Example 𝑐 Computed 𝑝

1 1 4𝑘 + 1 𝑝 = 3𝑐+1
2 6𝑘 + 2 1 3(1)+1

2 = 2

5 3(5)+1
2 = 8

9 3(9)+1
2 = 14

13 3(13)+1
2 = 20

2 3 4𝑘 + 3 𝑝 = 3𝑐+1
2 6𝑘 + 5 3 3(3)+1

2 = 5

7 3(7)+1
2 = 11

11 3(11)+1
2 = 17

15 3(15)+1
2 = 23

3 0 4𝑘 𝑝 = 3𝑐
4 3𝑘 4 3(4)

4 = 3

8 3(8)
4 = 6

12 3(12)
4 = 9

16 3(16)
4 = 12

4 2 4𝑘 + 2 𝑝 = 𝑐−2
4 𝑘 2 2−2

4 = 0

6 6−2
4 = 1

10 10−2
4 = 2

14 14−2
4 = 3
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Table 2. Odd-to-Odd Collatz Index Transitions and Corresponding Odd Numbers
(Starting from 𝑥𝑐 = 25)

Step 𝑐 𝑥𝑐 =

2𝑐 + 1
𝑐 mod 4 Formula Used 𝑝 𝑦𝑝 = 2𝑝 + 1

(and 3𝑦𝑝 + 1 if 𝑐 ≡ 2)

0 12 25 0 𝑝 = 3𝑐
4 9 19

1 9 19 1 𝑝 = 3𝑐+1
2 14 29

2 14 29 2 𝑝 = 𝑐−2
4 3 7 (22)

3 3 7 3 𝑝 = 3𝑐+1
2 5 11

4 5 11 1 𝑝 = 3𝑐+1
2 8 17

5 8 17 0 𝑝 = 3𝑐
4 6 13

6 6 13 2 𝑝 = 𝑐−2
4 1 3 (10)

7 1 3 1 𝑝 = 3𝑐+1
2 2 5

8 2 5 2 𝑝 = 𝑐−2
4 0 1 (4)

9 0 1 0 𝑝 = 3𝑐
4 0 1

4. Parent-to-Child Mapping of Odd Indices in the Collatz Tree

Define a reverse mapping of the Collatz function restricted to odd integers, describing how each
odd parent index 𝑝 ∈ Z can generate one or more odd child indices 𝑐 ∈ Z, bypassing intermediate
even values.
Let the odd integers in a Collatz sequence be written as:

𝑥𝑐 = 2𝑐 + 1, 𝑦𝑝 = 2𝑝 + 1,

where 𝑦𝑝 is the odd integer at the current step (the parent), and 𝑥𝑐 is an odd number that maps to it
via the Collatz sequence:

𝑦𝑝 =
3𝑥𝑐 + 1

2𝑛
,

for some 𝑛 ≥ 1, where the value of 𝑛 is the number of divisions by 2 applied after computing
3𝑥𝑐 + 1.
Reversing this transformation, we recover all possible values of 𝑥𝑐 that could have mapped to 𝑦𝑝.
When rephrased in terms of the indices 𝑐 and 𝑝, this yields the following piecewise Collatz tree
transition relationship:
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𝑐 = 𝑓 (𝑝) =



2𝑝 − 1
3

if 𝑝 ≡ 2 (mod 3), Right Node (Corollary 2.4)

4𝑝
3

if 𝑝 ≡ 0 (mod 3), Right Node (Corollary 2.2)

4𝑝 + 2 for all 𝑝 ∈ Z, Left Node (Corollary 2.9)

Each case is derived from inverting the Collatz Sequence Odd-to-Odd index transition. These
conditions were formally established in prior corollaries and lemmas.
In the context of Parent-To-Child traversal, the child halting condition is satisfied when the child
index reaches the root node, that is, when 𝑐 = ROOT.

Proof of Binary Parent-to-Child Structure. We now demonstrate that this mapping from 𝑝 to
𝑐 forms a binary tree structure, where each parent index 𝑝 ∈ Z can yield one or two valid child
indices 𝑐 ∈ Z.

• Case 1 (Right Node): 𝑝 ≡ 2 (mod 3)
The expression 𝑐 =

2𝑝 − 1
3

yields an integer value of 𝑐 ∈ Z only if 2𝑝 − 1 ≡ 0
(mod 3), i.e., 𝑝 ≡ 2 (mod 3). Hence, this case applies precisely when 𝑝 ≡ 2 (mod 3),
and contributes one child index.

• Case 2 (Right Node): 𝑝 ≡ 0 (mod 3)
Here, 𝑐 =

4𝑝
3

is an integer only when 𝑝 ≡ 0 (mod 3). This also yields a single valid
child.

• Case 3 (Left Node): For all 𝑝 ∈ Z
The expression 𝑐 = 4𝑝 + 2 is always an integer for any integer 𝑝, and always provides a

valid odd 𝑥𝑐 ≡ 3 (mod 8). Thus, every 𝑝 has at least one child via this formula.
Putting all cases together:

• If 𝑝 ≡ 2 (mod 3), then both cases 1 and 3 apply, and 𝑝 has two children.
• If 𝑝 ≡ 0 (mod 3), then both cases 2 and 3 apply, and 𝑝 also has two children.
• If 𝑝 ≡ 1 (mod 3), then only case 3 applies, and 𝑝 has exactly one child.

Therefore, each parent node 𝑝 ∈ Z has either one or two child nodes 𝑐 ∈ Z, forming a rooted binary
tree structure when traced backward. This structure is foundational for representing the reverse
Collatz graph as a binary tree of odd-index transitions.

Case 1: 𝑝 ≡ 2 (mod 3)

𝑝 = 3𝑛 + 2, 𝑛 ≥ 0, 𝑐 = 2𝑛 + 1

𝑛 𝑝 = 3𝑛 + 2 𝑐 = 2𝑛 + 1 𝑐 ∈ Z

0 2 1 Yes

1 5 3 Yes

2 8 5 Yes

3 11 7 Yes



THE COLLATZ TREE: A RECURSIVE FRAMEWORK FOR GLOBAL CONVERGENCE 13

Case 2: 𝑝 ≡ 0 (mod 3)

𝑝 = 3𝑛, 𝑛 ≥ 0, 𝑐 = 4𝑛

𝑛 𝑝 = 3𝑛 𝑐 = 4𝑛 𝑐 ∈ Z

0 0 0 Yes

1 3 4 Yes

2 6 8 Yes

3 9 12 Yes

Case 3: For all 𝑝 ∈ Z

𝑝 = 𝑛, 𝑛 ≥ 0, 𝑐 = 4𝑛 + 2

𝑛 𝑝 = 𝑛 𝑐 = 4𝑛 + 2 𝑐 ∈ Z

0 0 2 Yes

1 1 6 Yes

2 2 10 Yes

3 3 14 Yes

4.1. Single Rooted Tree or Forest of Trees. We have thus far demonstrated that the Parent–Child
relationship defined by the Collatz tree is acyclic, meaning it contains no loops, and that it spans
the set of all integers. What remains to be determined is whether this structure forms a single
connected tree or constitutes a forest of disjoint trees. At a basic level, it is immediately clear
that when extended over the full set of integers (including both positive and negative values), there
must exist at least two distinct trees—one corresponding to the positive integers and another to the
negative integers.

4.1.1. Forest Analysis for Positive Integers. To investigate whether multiple disjoint trees exist
within the positive integers, we consider the behavior of minimal child indices within each con-
gruence class modulo 4. Specifically, since the recursive equations produce odd child indices
congruent to 0, 1, 2, or 3 mod 4, we examine whether the sequences originating from each of these
residue classes ultimately converge to the designated root node.
𝑐 = 3:

3 → 5 → 8 → 6 → 1 → 2 → 0 (converges to root)
𝑐 = 2:

2 → 0 (converges to root)
𝑐 = 1:

1 → 2 → 0 (converges to root)
𝑐 = 0:

0 → 0 (fixed point at root)
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Each minimal child value corresponding to a residue class modulo 4 converges to the root node
at index 0. Since any larger value within a given class eventually maps to its respective minimal
element, which in turn converges to the root, it follows that all child sequences within the domain
of positive integers eventually terminate at the same root. We therefore conclude that the structure
over the positive integers forms a single rooted tree with root at index 0.

4.1.2. Forest Analysis for Negative Integers. To investigate whether multiple disjoint trees exist
within the negative integers, we consider the behavior of minimal child indices within each con-
gruence class modulo 4. Specifically, since the recursive equations produce odd child indices
congruent to 0, 1, 2, or 3 mod 4, we examine whether the sequences originating from each of these
residue classes ultimately converge to the designated root node.
We analyze whether the negative indices 𝑐 = −4,−3,−2,−1 converge to the root node −1 or to
other distinct roots under the recursive parent function.
Case 𝑐 = −1: Since −1 ≡ 3 (mod 4), we have

𝑝 =
3(−1) + 1

2
=
−3 + 1

2
=
−2
2

= −1,

which is a fixed point indicating that −1 is a root node in the negative domain.
Case 𝑐 = −2: Since −2 ≡ 2 (mod 4),

𝑝 =
−2 − 2

4
=
−4
4

= −1.

Thus, −2 converges directly to the root −1.
Case 𝑐 = −3: As −3 ≡ 1 (mod 4),

𝑝 =
3(−3) + 1

2
=
−9 + 1

2
=
−8
2

= −4.

For 𝑐 = −4, since −4 ≡ 0 (mod 4), we get

𝑝 =
3(−4)

4
=
−12

4
= −3.

This produces a 2-cycle:
−3 → −4 → −3,

which never reaches the root −1.
Case 𝑐 = −4: As shown above, −4 transitions to −3, forming the cycle above.

Therefore, the negative domain contains at least two distinct components:
• A tree rooted at −1, with nodes such as −2 converging to it.
• A disjoint 2-cycle involving −3 and −4, which does not connect to −1.

This implies the presence of multiple disjoint trees (a forest) in the negative integer domain under
the defined Collatz parent-child relationship.

5. Conclusion

In summary, by reformulating the Collatz sequence in terms of odd indices and analyzing transitions
via modular arithmetic, we obtain a more structured and transparent understanding of the sequence’s
dynamics. This abstraction eliminates the intermediate even-number steps and centers attention on
the core transformations that define the behavior of the sequence. The resulting piecewise function
yields a deterministic mapping between odd indices, naturally represented as a rooted binary tree.
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This tree structure is acyclic, ensures a well-defined path to the root, and has been demonstrated
to form a single connected tree for all positive integers. It provides a rigorous framework for
investigating convergence, revealing an underlying recursive process that governs the behavior of
the sequence.
By framing the Collatz process through this recursive, index-based model, we gain not only
conceptual clarity but also a principled explanation for the sequence’s convergence. The analysis
reinforces the validity of the Collatz Conjecture for all positive integers and offers a coherent
rationale for why every sequence ultimately reaches the root node at index 0 (corresponding to the
value 1). Based on the deterministic nature of the model and its complete coverage of the positive
domain, this framework offers a compelling resolution to the Collatz Conjecture: every positive
integer trajectory converges to 1.
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Appendix: Tree Diagram from root index 0 (odd number 1)

index = 0

0dd number = (1)

index = 2

Odd number = (5)

index = 10

odd number = (21)

42

(85)

170

(341)

682

(1365)

2730

(5461)

none

113

(227)

454

(909)

75

(151)

56

(113)

226

(453)

906

(1813)

none

37

(75)

150

(301)

none

none

index = 1

odd number = (3)

6

(13)

26

(53)

106

(213)

426

(853)

none

17

(35)

70

(141)

11

(23)

8

(17)

34

(69)

138

(277)

none

5

(11)

22

(45)

3

(7)

none

0

(1)

Left

Left Right

Right
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Appendix: First 10 Levels Root Tree from root index 0

Level Parent
(index)

Left
(index)

Right
(index)

Parent
(odd number)

Left
(odd number)

Right
(odd number)

0 0 2 0 1 5 1

1 2 10 1 5 21 3

2 10 42 None 21 85 None

2 1 6 None 3 13 None

3 42 170 56 85 341 113

3 6 26 8 13 53 17

4 170 682 113 341 1365 227

4 56 226 37 113 453 75

4 26 106 17 53 213 35

4 8 34 5 17 69 11

5 682 2730 None 1365 5461 None

5 113 454 75 227 909 151

5 226 906 None 453 1813 None

5 37 150 None 75 301 None

5 106 426 None 213 853 None

5 17 70 11 35 141 23

5 34 138 None 69 277 None

5 5 22 3 11 45 7

6 2730 10922 3640 5461 21845 7281

6 454 1818 None 909 3637 None

6 75 302 100 151 605 201

6 906 3626 1208 1813 7253 2417

6 150 602 200 301 1205 401

6 426 1706 568 853 3413 1137

6 70 282 None 141 565 None

6 11 46 7 23 93 15

6 138 554 184 277 1109 369
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Level Parent
(index)

Left
(index)

Right
(index)

Parent
(odd number)

Left
(odd number)

Right
(odd number)

6 22 90 None 45 181 None

6 3 14 4 7 29 9

7 10922 43690 7281 21845 87381 14563

7 3640 14562 None 7281 29125 None

7 1818 7274 2424 3637 14549 4849

7 302 1210 201 605 2421 403

7 100 402 None 201 805 None

7 3626 14506 2417 7253 29013 4835

7 1208 4834 805 2417 9669 1611

7 602 2410 401 1205 4821 803

7 200 802 133 401 1605 267

7 1706 6826 1137 3413 13653 2275

7 568 2274 None 1137 4549 None

7 282 1130 376 565 2261 753

7 46 186 None 93 373 None

7 7 30 None 15 61 None

7 554 2218 369 1109 4437 739

7 184 738 None 369 1477 None

7 90 362 120 181 725 241

7 14 58 9 29 117 19

7 4 18 None 9 37 None

8 43690 174762 None 87381 349525 None

8 7281 29126 9708 14563 58253 19417

8 14562 58250 19416 29125 116501 38833

8 7274 29098 4849 14549 58197 9699

8 2424 9698 3232 4849 19397 6465

8 1210 4842 None 2421 9685 None

8 201 806 268 403 1613 537

8 402 1610 536 805 3221 1073
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Level Parent
(index)

Left
(index)

Right
(index)

Parent
(odd number)

Left
(odd number)

Right
(odd number)

8 14506 58026 None 29013 116053 None

8 2417 9670 1611 4835 19341 3223

8 4834 19338 None 9669 38677 None

8 805 3222 None 1611 6445 None

8 2410 9642 None 4821 19285 None

8 401 1606 267 803 3213 535

8 802 3210 None 1605 6421 None

8 133 534 None 267 1069 None

8 6826 27306 None 13653 54613 None

8 1137 4550 1516 2275 9101 3033

8 2274 9098 3032 4549 18197 6065

8 1130 4522 753 2261 9045 1507

8 376 1506 None 753 3013 None

8 186 746 248 373 1493 497

8 30 122 40 61 245 81

8 2218 8874 None 4437 17749 None

8 369 1478 492 739 2957 985

8 738 2954 984 1477 5909 1969

8 362 1450 241 725 2901 483

8 120 482 160 241 965 321

8 58 234 None 117 469 None

8 9 38 12 19 77 25

8 18 74 24 37 149 49

9 174762 699050 233016 349525 1398101 466033

9 29126 116506 19417 58253 233013 38835

9 9708 38834 12944 19417 77669 25889

9 58250 233002 38833 116501 466005 77667

9 19416 77666 25888 38833 155333 51777

9 29098 116394 None 58197 232789 None
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Level Parent
(index)

Left
(index)

Right
(index)

Parent
(odd number)

Left
(odd number)

Right
(odd number)

9 4849 19398 None 9699 38797 None

9 9698 38794 6465 19397 77589 12931

9 3232 12930 None 6465 25861 None

9 4842 19370 6456 9685 38741 12913

9 806 3226 537 1613 6453 1075

9 268 1074 None 537 2149 None

9 1610 6442 1073 3221 12885 2147

9 536 2146 357 1073 4293 715

9 58026 232106 77368 116053 464213 154737

9 9670 38682 None 19341 77365 None

9 1611 6446 2148 3223 12893 4297

9 19338 77354 25784 38677 154709 51569

9 3222 12890 4296 6445 25781 8593

9 9642 38570 12856 19285 77141 25713

9 1606 6426 None 3213 12853 None

9 267 1070 356 535 2141 713

9 3210 12842 4280 6421 25685 8561

9 534 2138 712 1069 4277 1425

9 27306 109226 36408 54613 218453 72817

9 4550 18202 3033 9101 36405 6067

9 1516 6066 None 3033 12133 None

9 9098 36394 6065 18197 72789 12131

9 3032 12130 2021 6065 24261 4043

9 4522 18090 None 9045 36181 None

9 753 3014 1004 1507 6029 2009

9 1506 6026 2008 3013 12053 4017

9 746 2986 497 1493 5973 995

9 248 994 165 497 1989 331

9 122 490 81 245 981 163
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Level Parent
(index)

Left
(index)

Right
(index)

Parent
(odd number)

Left
(odd number)

Right
(odd number)

9 40 162 None 81 325 None

9 8874 35498 11832 17749 70997 23665

9 1478 5914 985 2957 11829 1971

9 492 1970 656 985 3941 1313

9 2954 11818 1969 5909 23637 3939

9 984 3938 1312 1969 7877 2625

9 1450 5802 None 2901 11605 None

9 241 966 None 483 1933 None

9 482 1930 321 965 3861 643

9 160 642 None 321 1285 None

9 234 938 312 469 1877 625

9 38 154 25 77 309 51

9 12 50 16 25 101 33

9 74 298 49 149 597 99

9 24 98 32 49 197 65

10 699050 2796202 466033 1398101 5592405 932067

10 233016 932066 310688 466033 1864133 621377

10 116506 466026 None 233013 932053 None

10 19417 77670 None 38835 155341 None

10 38834 155338 25889 77669 310677 51779

10 12944 51778 8629 25889 103557 17259

10 233002 932010 None 466005 1864021 None

10 38833 155334 None 77667 310669 None

10 77666 310666 51777 155333 621333 103555

10 25888 103554 None 51777 207109 None

10 116394 465578 155192 232789 931157 310385

10 19398 77594 25864 38797 155189 51729

10 38794 155178 None 77589 310357 None

10 6465 25862 8620 12931 51725 17241
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Level Parent
(index)

Left
(index)

Right
(index)

Parent
(odd number)

Left
(odd number)

Right
(odd number)

10 12930 51722 17240 25861 103445 34481

10 19370 77482 12913 38741 154965 25827

10 6456 25826 8608 12913 51653 17217

10 3226 12906 None 6453 25813 None

10 537 2150 716 1075 4301 1433

10 1074 4298 1432 2149 8597 2865

10 6442 25770 None 12885 51541 None

10 1073 4294 715 2147 8589 1431

10 2146 8586 None 4293 17173 None

10 357 1430 476 715 2861 953

10 232106 928426 154737 464213 1856853 309475

10 77368 309474 None 154737 618949 None

10 38682 154730 51576 77365 309461 103153

10 6446 25786 4297 12893 51573 8595

10 2148 8594 2864 4297 17189 5729

10 77354 309418 51569 154709 618837 103139

10 25784 103138 17189 51569 206277 34379

10 12890 51562 8593 25781 103125 17187

10 4296 17186 5728 8593 34373 11457

10 38570 154282 25713 77141 308565 51427

10 12856 51426 None 25713 102853 None

10 6426 25706 8568 12853 51413 17137

10 1070 4282 713 2141 8565 1427

10 356 1426 237 713 2853 475

10 12842 51370 8561 25685 102741 17123

10 4280 17122 2853 8561 34245 5707

10 2138 8554 1425 4277 17109 2851

10 712 2850 None 1425 5701 None

10 109226 436906 72817 218453 873813 145635
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Level Parent
(index)

Left
(index)

Right
(index)

Parent
(odd number)

Left
(odd number)

Right
(odd number)

10 36408 145634 48544 72817 291269 97089

10 18202 72810 None 36405 145621 None

10 3033 12134 4044 6067 24269 8089

10 6066 24266 8088 12133 48533 16177

10 36394 145578 None 72789 291157 None

10 6065 24262 4043 12131 48525 8087

10 12130 48522 None 24261 97045 None

10 2021 8086 1347 4043 16173 2695

10 18090 72362 24120 36181 144725 48241

10 3014 12058 2009 6029 24117 4019

10 1004 4018 669 2009 8037 1339

10 6026 24106 4017 12053 48213 8035

10 2008 8034 None 4017 16069 None

10 2986 11946 None 5973 23893 None

10 497 1990 331 995 3981 663

10 994 3978 None 1989 7957 None

10 165 662 220 331 1325 441

10 490 1962 None 981 3925 None

10 81 326 108 163 653 217

10 162 650 216 325 1301 433

10 35498 141994 23665 70997 283989 47331

10 11832 47330 15776 23665 94661 31553

10 5914 23658 None 11829 47317 None

10 985 3942 None 1971 7885 None

10 1970 7882 1313 3941 15765 2627

10 656 2626 437 1313 5253 875

10 11818 47274 None 23637 94549 None

10 1969 7878 None 3939 15757 None

10 3938 15754 2625 7877 31509 5251
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Level Parent
(index)

Left
(index)

Right
(index)

Parent
(odd number)

Left
(odd number)

Right
(odd number)

10 1312 5250 None 2625 10501 None

10 5802 23210 7736 11605 46421 15473

10 966 3866 1288 1933 7733 2577

10 1930 7722 None 3861 15445 None

10 321 1286 428 643 2573 857

10 642 2570 856 1285 5141 1713

10 938 3754 625 1877 7509 1251

10 312 1250 416 625 2501 833

10 154 618 None 309 1237 None

10 25 102 None 51 205 None

10 50 202 33 101 405 67

10 16 66 None 33 133 None

10 298 1194 None 597 2389 None

10 49 198 None 99 397 None

10 98 394 65 197 789 131

10 32 130 21 65 261 43
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Appendix: Sample Code to Create Tree Table

1 #include <iostream>
2 #include <fstream>
3 #include <vector>
4
5 using _myint = int64_t;
6 const _myint MYINTMAX = ((INT64_MAX -2)/4) - 1;
7 const _myint ROOT = 0; //starting root for tree - Odd NUmber Index
8 const int MAXLEVEL = 20; //Max depth to run
9

10 int main() {
11 std::ofstream outFile("output2.csv");
12 if (outFile.is_open())
13 {
14 std::vector<_myint> dataVector = { ROOT };
15 std::vector<_myint> levelVector = { 1 };
16 int leveloffset = 0;
17 _myint dataoffset = 0;
18 outFile << "Level,Parent(index),Left(index),Right(index),Parent(odd #),Left (odd #),

Right (odd #)\n";
19 while (leveloffset <= MAXLEVEL)
20 {
21 std::cout<<"Level "<<leveloffset;
22 int levelsize = 0;
23 for (int i = 0; i < levelVector[leveloffset]; i++)
24 {
25 bool isRight = false;
26 _myint Left;
27 _myint Right;
28 _myint data = dataVector[dataoffset];
29
30 int mod = ((data % 3) + 3) % 3;;
31 Left = 4 * data + 2;
32 if (abs(data) < MYINTMAX) {
33 if (Left != ROOT)
34 {
35 dataVector.push_back(Left);
36 levelsize++;
37 }
38 //else ; //Don’t push back as a parent
39 }
40 if (mod == 0) Right = 4 * data / 3;
41 else if (mod == 2) Right = (2 * data - 1) / 3;
42 if (mod != 1)
43 {
44 if (abs(data) < MYINTMAX)
45 {
46 isRight = true;
47 if (Right != ROOT)
48 {
49 dataVector.push_back(Right);
50 levelsize++;
51 }
52 //else ; //Don’t push back as a parent
53 }
54 }
55
56 if (isRight)
57 {
58 outFile << leveloffset << "," << data << "," << Left << "," << Right

<< ",";
59 outFile << (2*data+1) << "," << (2*Left+1) << "," << (2*Right+1) << "

\n";



THE COLLATZ TREE: A RECURSIVE FRAMEWORK FOR GLOBAL CONVERGENCE 27

60 }
61 else
62 {
63 outFile << leveloffset << "," << data << "," << Left << "," << "None"

<< ",";
64 outFile << (2 * data + 1) << "," << (2 * Left + 1) << "," << "None"

<< "\n";
65 }
66 dataoffset++;
67 }
68 levelVector.push_back(levelsize);
69 std::cout <<" \tRecord Count:\t"<<levelsize << "\n";
70 leveloffset++;
71 }
72 dataVector.clear();
73 levelVector.clear();
74 outFile.close();
75 }
76 return 0;
77 }
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