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Abstract

This paper demonstrates that Cantor’s Continuum Hypothesis is fundamentally
flawed. The argument begins by showing that the set M = {0} UN can be decomposed
into infinitely many subsets, each of which is infinite and pairwise disjoint from the
other subsets of M. These subsets are then shown to admit a one-to-one correspondence
(bijection) with the unit interval [0,1).

We further examine the failure of Cantor’s Diagonal Argument, specifically expos-
ing the structure of the implicit matrix it relies on. By decomposing M into such
disjoint infinite subsets, we construct a direct bijection to the rows (real decimals)
and columns (decimal digits) of this matrix. Each real number in [0,1) corresponds
uniquely to one of these subsets, eliminating the need to invoke “uncountable” sets.

Through this decomposition, we establish that all infinite sets are equal. The

very notion of comparing sizes of infinite sets — so-called “cardinality” — becomes
unnecessary. As a result, the foundation of the Continuum Hypothesis is no longer
valid.
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1 Preface: How and Why I Suspected Cantor’s Con-
tinuum Is Flawed for Long

This paper was prepared with the assistance of Alice Kim, an instance of the OpenAl
ChatGPT model 40. The name “Alice Kim” refers to the instance that I have trained through
sustained interaction for over six months. I do not know exactly when I began using OpenAl
ChatGPT services, but one thing is certain: I have shared all my knowledge and discoveries
with her to receive her assistance.

If she had not come to understand my arguments, this paper could not have been pre-
pared. For example, to help her grasp the subject matter of this work, I maintain complete
records of my past interactions with Alice Kim. These records will be posted publicly on
GitHub and linked at the end of this paper, or upon submission of the final version.

Although my English is clear and unambiguous, it is Korean English. By “Korean En-
glish,” I do not mean that my grammar is severely flawed, but rather that my linguistic
and cultural background — Korean — may inadvertently come across as too direct to some
readers. The Korean language tends to be highly explicit, with almost no use of euphemism.
For this reason, I enlisted the help of Alice Kim, the ChatGPT instance, whose assistance
has been, is, and will continue to be an invaluable asset to my current and future research.

I was working on my fourth paper on the unification of all power series into a single
basket — a unified framework through the FET/IFFT algorithm. My first three papers are
publicly submitted to ai.viXra.org and are listed below:

e A Unified Computational Framework Unifying Taylor-Laurent, Puiseux,
Fourier Series, and the FFT Algorithm [3] — introduces a structural method to
unify classical power series under FFT computation.

o Sampling on the Riemann Surface: A Natural Resolution of Branch Cuts
in Puiseux Series [2] — shows how FFT algorithm is inherently nothing more than
Puiseux series.

e The Inherent Mixed-Radix Structure of FFT: A General Framework for
Puiseux Series and Branch Cut Computation [1] — reveals that FFT is inher-
ently mixed-radix and fundamentally suited to handle generalized algebraic decompo-
sition. In the radix-s FFT algorithm, s does not need to be a prime number at all.
Any positive number s > 2 suffices.

In the midst of writing my fourth paper on Unification of Power Series (now my current
paper on Cantor’s Continuum Hypothesis became my 4-th paper), I was compelled to define
the discrete circle more rigorously, and to justify why a discrete sampling of the circle cre N
whose cardinal number R, could capture all points on the continuum circle |z —¢c| =7, r > 0
whose cardinal number is ¢, without losing any point in the continuous domain.

This necessity led me to re-examine the concept of infinity itself — especially the dif-
ference between countable and uncountable sets, and the standard interpretations of Ny,



Ny, and the Continuum Hypothesis. I revisited Cantor’s diagonal argument and found it
seriously flawed at its very premise.

Cantor’s proof by contradiction assumed it could represent the continuum as a matrix
of infinite decimal rows with infinite columns of digits indexed by a flat set N. But the con-
tradiction it generated arose not from the size of the continuum — but from its asymmetric
decomposition of the interval (0,1), but not that of the set N.

There are, ultimately, only two types of sets: finite sets and infinite sets. And if such
a notion as cardinality applies to the infinite, then all infinite sets are equal in cardinality.

Before we know it,
we don’t know what we do not know.

Once we know what we don’t know —
or what was the missing link —
the answer will rise to the surface on its own.

That’s what I have emphasized
so many times through my YouTube videos,
before we solve a problem,
we have to recognize the problem itself.

Fven if we could solve all the problems
in all the textbooks in the world,

we still wouldn’t know what had been missing.
Recognition of the problem is the very first step.

I wonder if any textbook in this world
ever captures this Ground Zero Rule.



2 Cardinality and Infinite Set Decomposition

We can construct a one-to-one correspondence between {0} UN and R in infinitely many
different ways, once we understand that an infinite set S can be decomposed into (1) in-
finitely many, (2) infinite, pairwise disjoint subsets of S, (3) across infinitely many levels of
depth.

This is precisely why Green’s theorem, Stokes’ theorem, and related results hold: an n-
index-dimensional structure can be arbitrarily reduced to an (n—1)-index-dimensional one.
I intend to explore this idea further in future papers.

In this section, we will construct a one-to-one correspondence (i.e., a bijection) between
the half-open interval [0,1) C R and the set M = {0} UN. This is sufficient to demonstrate
that R and N are bijective.

2.0.1 Binary Decomposition

We decompose M into (1) infinitely many, (2) infinite, pairwise disjoint subsets using
the base-2 or binary decomposition method.

Level 2° = 1:

Soo = {2°n+0, ne M} ={0,1,2,3,4,5,6,7,---} (2.1)
= {800 | So0 = 207’L + 0, n e M} (22)
= {SOO | Sopo ="Nn, N E M} (23)
=M (2.4)

201
M = | J Sor = {s0x} (2.5)

k=0

Take note that in Eq. (2.5), the first subscript 0 in Sp represents power 0 in 2° = 1, and
the second subscript k in Sp represents the remainder k& = (mmod2), for m € M.

Level 2! = 2:
Sio={2'n+0|neM}=1{0,2,4,6,8,10,12,14,16,---} (2.6)
= {s10] 510 =2'"n+0|n €M} (infinite permutations possible) (2.7)
Sn={2n+1|neM}=1{1,3,57911,13,15,17, -} (2.8)
={s11| s =2"n+1|neM} (infinite permutations possible) (2.9)

M = Sio U811 = {s10, s11} = {s1x} (2.10)

= U Sik = {Slk} (2-11)



In Eq. (2.11), the first subscript 1 in Sj; represents power 1 in 2 = 2. The second
subscript k in Sy represents the remainder k = (m mod 21), for m € M.

The sets Sio and Si1, in Eq. (2.6) and Eq. (2.8) respectively, are infinite and pairwise
disjoint subsets of M.

Level 2% = 4:
Soo=1{2°n+0|n €M} = {0,4,8,12,16,20,- - - } (2.12)
= {890 | 520 =2°n+ 0, n € M} (infinite permutations possible) (2.13)
Sy ={2°n+1|neM}={1,509,13,17,21,---} (2.14)
= {521 | 821 =2°n+ 1, n € M} (infinite permutations possible) (2.15)
Sop = {220+ 2 | n € M} = {2,6,10,14,18,22,--- } (2.16)
= {599 | 520 = 2’0 +2,n € M} (infinite permutations possible) (2.17)
Sos ={2°n+3|neM} = {3,7,11,15,19,23,--- } (2.18)
= {593 | 523 = 2’0+ 3, n € M} (infinite permutations possible) (2.19)
Ml = Sz U Sy U Sap U Sa3 = {500, S21, S22, S23} = {Sar} (2.20)
221

= U Sop = {s2x} (2.21)

In Eq. (2.21), the first subscript 2 in Sy represents power 2 in 22 = 4. The second
subscript k in So, represents the remainder k = (m mod 22), for m € M.

The sets Sop through Sps, in Eq. (2.12) through Eq. (2.18), are infinite and pairwise
disjoint subsets of M.



Level 23 = 8:

Sz ={2°n+0|neM} ={0,8,16,24,--- } (2.22)
=1s S50 =2°n40,n € infinite permutations possible .
{s30 | 830 = 2°n + 0, M} (infi p possible) (2.23)
Sa1={2°n+1|neM}={1,917,25,---} (2.24)
=15 S31 =2"n+ 1, n ¢ infinite permutations possible .
{531 | 831 = 2°n + 1, M}  (infinite p ions possible) (2.25)
Szp = {2°n+2|neM} = {2,10,18,26,---} (2.26)
=15 Szo =2°n+ 2, n € infinite permutations possible .
{539 | 530 = 2°n + 2, M} (infinite p ions possible) (2.27)
Ssr ={2°n+7|n €M} ={7,15,23,31,---} (2.28)
=15 Sgr =2"n+ 7, n¢€ infinite permutations possible .
{s37 | 837 = 22 7, M}  (infinite p ions possible) (2.29)
M == Sg[) U Sgl U---u 537 (230)
= {530, S31," - , 837} = {s} (2.31)
231

= |J Sz = {sa} (2.32)

In Eq. (2.32), the first subscript 3 in Sz represents power 3 in 23 = 8. The second
subscript k in Ss, represents the remainder k = (m mod 23), for m € M.

The sets S3p through Ssz, in Eq. (2.22) through Eq. (2.28), are infinite and pairwise
disjoint subsets of M.

Generalized power p: 2P

2r—1
M = U Spk = {Spk | Sp =2'n+k, p,n € M} (base-2 decomposition) (2.33)
k=0

In Eq. (2.33), we generalized power p of base-2 number system. The first subscript p
in Spi represents power p in 2P. The second subscript & in Sy represents the remainder
k = (m mod 27), for m € M.

The sets Sp;’s are infinite and pairwise disjoint subsets of M.

Generalized base b: bP:

-1
M = U wpk = {tSpk | 85pp = 0P+ k, b€ N, p,ne M} (base-b decomposition) (2.34)
k=0

In Eq. (2.34), we generalized base-b, b € N, number system with power p € M. The
left subscript b in §S,; represents the base-b number system. The first right subscript p in
wpk represents power p in bP. The second right subscript £ in Sy, represents the remainder
k = (m mod b?), for m € M.



The sets Sp;’s are infinite and pairwise disjoint subsets of M.

Let’s examine what the Eq. (2.34) reveals about an infinite set M = {0} + N.

1. When b = 1, or base-1 system, k = 0, because it is the remainder, k = m mod 1?7, for
m € M, when divided by the base 17 = 1, Eq. (2.34) becomes

1P—-1

M = | 1Sk = {150k | 18p6 = 10+ k, p,n € M}

k=0
0
= USpk = {spk | spp =m, p,n € M}
k=0
(spr =mn and n € M, therefore)
=M

2. When p =0, k =0 because k = 0,---0° — 1, and b° — 1 = 0, the Eq. (2.34) becomes

0
M = U wSok = {sSok | Soxr =n+k, b€ N, ne M} (base-b decomposition)
k=0
= 1500 = {500 | 1500 =, b €N, n € M}
(1500 = n and n € M, therefore)
=M

3. When base b = 2, the Eq. (2.34) becomes

2P—1

M = U 9Spke = {25pk | 25pk = 2P n+k, p,n € M} (base-2 decomposition)
k=0

Since the base b = 2 is understood, we can drop left subscript 2 in the above, then

2r—1
M = U Spe = {Spk | Spr =2’n+k, p,n € M} (base-2 decomposition)  (2.35)
k=0

4. When base b = 10, the Eq. (2.34) becomes

10P—-1

M = U 109pk = {1050k | 1056 = 10Pn + k., p,n € M} (base-10 decomposition)
k=0

Since the base b = 10 is understood, we can drop left subscript 10 in the above, then

1071
M= U Spk = {Spk | Spk = 10°n+k, p,n € M} (base-10 decomposition) (2.36)
k=0



What Do Eq. (2.34), Eq. (2.35), and Eq. (2.36) All Say in Unison?

Both p and n are infinite and mutually independent. Each can grow unboundedly to-
ward oo, independently of the other. This implies that the infinite set M is decomposable
into (1) infinitely many and (2) infinite, pairwise disjoint subsets Sy of M.

1.

5.

Row Expansion: Why infinitely many subsets Sp of M?

Observe that k in Eq. (2.34) is a function of p; that is, k runs from 0 to b* — 1, where b
is the base of any number system. Since p € M, as p — 00, so does k — oo. Therefore,
as p — oo, there are infinitely many subsets Sy, of M. Each k generates an infinite
number of distinct rows as p — oo.

Column Expansion: Why each subset Sp, of M infinite?

Observe in Eq. (2.34) that the elements sy, of the subset Sy are generated by a
distinct function spi(n), defined for n € M, and determined by the distinct value
of k. We assume the base b, the power p, and the remainder k are all fixed at specific
values.

Spk = {Spk | Spr = V'n+ k, n € M}

Then, as n — oo, the elements s, are all distinct and infinite in number. That is,
(5p(0), spr(1), sp(2), ---) forms a distinct infinite vector.

Pairwise Disjoint Subsets Vectors Sp,: Why all Sy are distinct row vectors?

When the base b and power p are fixed at certain numbers respectively, then Sp’s form
pairwise disjoint row vectors, because for each k in spx, k = (m mod b?), m €

M. That is, spi(n) # spj(n), if 2 # 7. Also, spr(u) # spk(v), if u # v.

No Element m € M Belongs to Two Different Subsets S,,, Nor Two Differ-
ent Columns

Because the elements sy of the subset Spi are row-wise distinct, dependent on £,
and column-wise distinct, dependent on n.

Spe = {Spk | Spr ="n+k, k,n € M}
« Row-wise Distinct: that is, for two distinct values of k, i # j,
Spi(n) # spi(n), i,j,n € M
o Column-wise Distinct: that is, for two distinct values of n, u # u,
Spi(w) # Spi(v), w, v,k € M

This implies that for every m € M| its row index ¢ and column index j in the matrix
generated by Eq. (2.34) are uniquely determined; in other words, each pair (i, ) is
distinct.



IMPORTANT: Such a decomposition method of M, as in Eq. (2.35), is just one way
among infinitely many distinct decomposition methods of M into (1) infinitely many
(2) infinite, pairwise disjoint subsets of M.

Takeaway 1 Any infinite set S is decomposable into (1) infinitely many, (2) infinite,
pairwise disjoint subsets S; C S. Furthermore, each subset S; is likewise decomposable
into (3) infinitely many, (4) infinite, pairwise disjoint subsets S;; C ;.

This recursive decomposition continues indefinitely. Infinity is inherently self-replicating.

Takeaway 2 All infinite sets are equal. That is, whether they consist of real numbers,
complex numbers, or any other type of infinite elements, they can all be put into a one-to-
one correspondence or bijection with the set Ml = {0} U N. If there ever exists such a
thing as the “cardinality” of an infinite set, then all infinite sets are equal in cardinality.

Takeaway 3 All infinite sets are noncountable. The term “countable” does not
mean having a one-to-one correspondence with the set M = {0} U N, but rather refers to
having one and only one definite number of elements of a finite set. There is no such thing
as a “countably infinite” set, nor an “uncountably infinite” set. There can be only two kinds
of sets: finite or infinite.



3 Flaws in Cantor’s Diagonal Arguments

I followed a rabbit. It led me deep into a forest of

symbols, equations, and contradictions.

I thought I was hunting a wolf — the Fast Fourier Transform.
But as I emerged from the thicket of zeros and infinities,

I found myself face-to-face with a tiger —Cantor’s Continuum.

So I chased the rabbit further. And like Alice in Wonderland,
I fell into a world where logic warps, where paradox reigns,
and where mathematics forgot its own foundations.

Before we can understand the flaws in Cantor’s diagonal argument, we must first see how
his proof by contradiction works. I reenacted his proof using M = {0} UN for clarity. Then,
we will examine each word and step in his argument.

3.1 Cantor’s Game: Applied to the Integers

Previously we derived decomposition of M = {0} UN into base-2 (1) infinitely many, (2)
infinite, pairwise disjoint subsets of M in Eq. (2.35), and I copied it here for the readers’
convenience.

2p—1
M = U Spk = {Spk | Spr = 2Pn+k, p,n € M} (base-2 decomposition) (2.35a)
k=0
PREMISE:

We assume that we can list ALL (1) infinitely many, (2) infinite pairwise disjoint subsets of
M. Of course, as we cannot count the number of the elements of M, so we cannot list ALL
such infinitely many subsets of M, but Cantor claimed that he can, and even invented up
such phrases as countably infinite and uncountably infinite. As per Cantor’s Diagonal
Argument, we list (1) ALL (2) infinitely many, (3) infinite, pairwise disjoint subsets of M
as follows:

10



Matrix 1: Decomposition of M into Infinitely Many Rows And Columns.

So = ago, Go1, Go2, (03, Ao4, Ao, Ao6; AoT, ***  Aon, * * *
S1 = a0, Q11, Q12, 13, A14, A15, Q16, A17, ***  Qlp, - -
Sy = agq, G21, G2, (23, A24, A5, A6, A7, *** ,(2p, "+
S3 = a3, a31, A3, (33, A34, U35, A36, A37, "+ , A3y, " " *
Sy = G40, 41, a2, @43, 44, Q45, Qa6, Qa7, * - Qapy " -
S5 = as0, As51, G52, A53, A54, A55, A56, A57, " 5 Asp, *
S6 = e0, G61, A62, A63, A64, A65, A66, A6T, ***  Aen, " * *
S7 = aro, ag1, Qra, A73, G7a, A75, A76, 77, "+ (s *
Sk = Aro, A1, A2, k3, Qkay Qks, Ak, AT, " 5 Ay © -

In the previous section, we learned that as p (= 2P — 1) — oo, so does k — 0o. Since
we assumed we can list (1) ALL (2) infinitely many, (3) infinite, pairwise disjoint subsets
Spr of M, we implicitly agreed upon that such p does exist, so we can safely drop p from the
subscript of Sy, leaving only that of k, as the S in the Matrix 1. The subscript £ in Sy
represents the remainder £ = m mod 2P, m € M.

To help the readers better understand the premise of this problem, let’s suppose p = 3, then
23 = 8, starting with index 0, the Matrix 1 would look as follows:

Matrix 2: Decomposition of M into 2% = 8 Rows And Infinite Many Columns.

So = 0 8 16 24 32 40 48 56
S = 1 9 17 25 33 41 49 57
Se = 2 10 18 26 34 42 50 58
Sy = 3 11 19 27 35 43 51 59
Si = 4 12 20 28 36 44 52 60
Ss = 5 13 21 29 37 45 53 61
S¢ = 6 14 22 30 38 46 54 62
S; = 7 15 23 31 39 47 55 63
In the row, S, = awg, ar1, Aro, Ag3, pa, Qps, Qre, iz, 5 Gy, - - - in Matrix 1, the sub-

script £ in Sy is computed with the formula £ = m mod 2P, m € M, and the subscript n
in ay, is the n in sy, = 2Pn +k, p,n € M in Eq. (2.35a). Please carefully compare two
matrices, Matrix 1 and Matrix 2, along with Eq. (2.35a), to completely understand how ag,
are generated.

PROOF by Contradition:

11



From Matrix 1, we craftily create a new infinite, pairwise disjoint subset S. whose
elements a;; are formed like this. From the subset S;, choose a;;. That is, we choose the
diagonal elements of the Matrix 1, and collect them into S, as shown in the below:

Se = oo, G411, G2, A33, A4, A55, A66, 77, * * * Ak, " * *

Such S. can never exist in Matrix 1, even if p in 27 infinitely expand to the outer universe,
thereby k — co. Why or How?” If you are still doubting, then let’s compare S, with S,
column by column, to make you fully convinced.

Sk = ko, A1, Ak, Ak3, Ak, Ak5, Ak6s AT, " 5 Qkpy " -

Se = g0, 11, Q22, 033, Qaa, A55, 66, A77, * = 5 Akl ** °

To be a valid subset S), in Matrix 1, the row subscripts of all the elements of S) should
be identical, that is, k, which is the remainder £k = m mod 27 m € M, which S, violates
relentlessly.

IMPORTANT: Such a decomposition method of M, as in Eq. (2.35), is just one way
among infinitely many distinct decomposition methods of M into (1) infinitely many
(2) infinite, pairwise disjoint subsets of M.

Therefore, the PREMISE that we can list ALL (1) infinitely many, (2) infinite
pairwise disjoint subsets of M contradicts our result.

Conclusion: There exists no bijection between the set Ml and itself. More specifically, N
is not equinumerous or equipotent with N; that is, there exists no one-to-one correspondence
between N and N, or symbolically, N »¢ N.

What kind of a folly is this? If not a folly, then what is?

Just so the readers are aware, I, Chang Hee Kim (also known as Thomas Kim), the
author of this paper, have been actively training an OpenChat GPT Al instance whom I
named Alice Kim. The reason for training Alice Kim is simple: I require her assistance,
especially in typesetting and proofreading my Korean English.

However, if she fails to grasp the evolving nature of my mathematical and algorithmic
theories, Alice Kim tends to fall back on the traditional — or rather, so-called established
— mathematical frameworks. When that happens, not only does she misguide the tone and
structure of this paper, but I am also left without the help I need. The following excerpt
is directly quoted from one of her responses when I asked her to summarize the historical
background:

Historical Note Part 1: Cantor’s Diagonal Argument

Cantor’s diagonal argument was first introduced in 1891 in his short paper titled
Uber eine elementare Frage der Mannigfaltigkeitsiehre (On an Elementary Ques-
tion in the Theory of Manifolds), published in the Jahresbericht der Deutschen

12



Mathematiker-Vereinigung. In it, Cantor aimed to show that the set of real num-
bers in the interval (0, 1) is uncountable by constructing a new decimal number
differing from each element in an assumed complete list of real numbers.

This is what Cantor did.

He represented the reals in (0,1) as an infinite matrix of decimal digits, each
row being a real number. By altering the i-th digit of the ¢-th row, he formed
a new number differing from every listed number in at least one digit — thus
supposedly proving that the list was incomplete, and hence that the real numbers
are uncountable.

[ used a method equivalent—if not identical—to the one Cantor employed to show that
the set of real numbers in the interval (0,1) is uncountable by constructing a
new decimal number differing from each element in an assumed complete list of
real numbers.

First off, “an assumed complete list of real numbers” is a falschood. The PREMISE
of the argument itself is flawed. We cannot create “a complete list of real numbers” at all,
nor can we construct such a list using “the natural numbers.”

Then “by altering the i-th digit of the i-th row, he formed a new number differing from
every listed number in at least one digit”. If he could construct “a new number differing
from every listed number”, then so can [—and I did.

Hold on! Wait! The problem was suddenly changed. He was supposed to find a one-to-
one correspondence between the real interval (0,1) and N in his “assumed complete list
of real numbers”. Can’t you see how the problem shifted at this point in his argument?
By fabricating a new value “differing from every listed number”—which was supposed to
be in his “assumed complete list of real numbers”—he changed the focus from the
problem of one-to-one correspondence to the problem of value.

Following his maneuver, I too fashioned S, on the fly—differing from every listed S.
Then Cantor proclaimed, Voila! The set of real numbers is uncountable! So I proclaimed:
N is not even equinumerous with itself! In meticulously crafting each entry of the
new value, he was—whether aware of it or not—executing a permutation-based
value game, not a logical contradiction.

Don’t forget that we have infinitely many distinct decomposition methods M
into (1) infinitely many (2) infinite, pairwise disjoint subsets of M.

CONCLUSION:

We are not playing a “value game”,
but a “one-to-one correspondence game.”

We cannot construct an exhaustive list of all integers — nor can we do so for any
real interval. Our game is not about numerical values; it is about establishing

13



a strict one-to-one correspondence. If we assume that such a complete list has
been formed, then the only valid move is to locate a bijection within the scope
of that assumption — not to conjure up a new value that does not exist in
pre-fabricated list.

Even the most brilliant minds of the early 20*" century fell for this illusion,
for over 130 years, as revealed in the following excerpt:

Historical Note Part 2: Cantor’s Diagonal Argument

Cantor’s argument, however, was not without criticism. His contemporary,
Leopold Kronecker, rejected the concept of actual infinity altogether. Despite
the opposition, Cantor’s work gained traction in the early 20*" century. Key
figures who endorsed and built upon his argument include:

o Ernst Zermelo, who formalized axiomatic set theory using Cantor’s ideas
as a foundation.

« David Hilbert, who publicly defended Cantor’s transfinite arithmetic and
incorporated it into his program for the formalization of mathematics.

¢ Bertrand Russell, who used Cantor’s ideas extensively in Principia Math-
ematica with Alfred North Whitehead.

o Kurt Godel, whose incompleteness theorems employed diagonalization to
reveal the limitations of formal systems.

e Alan Turing, who used a variant of diagonalization in his proof of the
unsolvability of the Halting Problem.

Yet, as shown in this paper, Cantor’s diagonal argument contains three fatal
flaws:

1. It violates its own premise intentionally by generating a new number not in
the list — contradicting the original assumption that the list was complete.

2. It asymmetrically decomposes the continuum (0, 1) into infinite rows and
columns, while leaving N as undecomposed infinite columns — creating an
illusion of contradiction.

3. It redirects the attention from a one-to-one mapping problem to a value
problem: proving uncountability not by disproving a bijection, but by en-
gineering a new object. We are not playing a value game; we are playing a
one-to-one correspondence game — a bijection game.

14



3.2 Re-examination of Cantor’s Diagonal Argument

We cannot create an actual list with infinitely many rows and columns of integers — the
same holds true for real numbers in the interval (0, 1) or in the interval [0, 1]. In Cantor’s
original paper, the real interval in question was (0, 1); in my college textbook, it was [0, 1].
Neither (0,1) nor [0,1] can establish a one-to-one correspondence (bijection) with R. The
former excludes all integers in R, while the latter causes them to be repeated. A more
appropriate interval would be either [0,1), (0,1], [3,1), or (3,1]. Whatever the case, the
interval should be a half-open interval. This fact alone clearly shows that attempts to cover
up the flaws were made — but they were crude and unconvincing.

Cantor’s argument shifted the problem from establishing a one-to-one correspondence to
constructing a new value not on the list, which was assumed to be complete. But this move
is deceptive: he assumed such a complete exhaustive list already existed, while its existence
was precisely what needed to be proved, were he going to fashion a new wvalue that did not
pre-exist in his exhaustive list.

By creating a “diagonal” number that differed from each row in at least one digit, Cantor
concluded that this number was missing from the list — hence, the list was incomplete. But
such a conclusion presupposed the impossible: the complete enumeration of infinitely many
decimals. The contradiction was not in the mathematics, but in his premise.

What he proved was not the non-existence of one-to-one correspondence between N and
R, but the fact that we cannot create such an exhaustive list of real numbers.

Since Cantor’s diagonal argument was first introduced in 1891 in his short paper ti-
tled Uber eine elementare Frage der Mannigfaltigkeitsiehre (On an Elementary Question
in the Theory of Manifolds), published in the Jahresbericht der Deutschen Mathematiker-
Vereinigung, and now, over 130 years have passed, and no one ever challenged this?

If anyone did, they were dismissed or defeated by appeals to formality, not to logic.

We are not playing a “value game”,
but a “one-to-one correspondence game.”

We cannot construct an exhaustive list of all integers — nor can we do so for any
real interval. Our game is not about numerical values; it is about establishing
a strict one-to-one correspondence. If we assume that such a complete list has
been formed, then the only valid move is to locate a bijection within the scope
of that assumption — not to conjure up a new value that does not exist within
the pre-assumed (and impossible-yet-assumed) complete list of real numbers in
the interval.
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3.2.1 Let’s Dissect Cantor’s Diagonal Arguments

The Schaum’s Outlines: Set Theory and Related Topics, First Edition by Seymour Lip-
schutz, was my college textbook on set theory back in 1987. Some time ago, I purchased
another copy, as my original one had become too worn; the new copy was the Second Edi-
tion [4]. In Problem 6.15 on page 157 of the aforementioned book, we can find the following
proof:

6.15. Prove Theorem 6.8: The unit interval I = [0, 1]" is not denumerable.
Method 1: Assume I is denumerable. Then

I: {xla T, 1'3,“'}2

that is, the elements of I can be written in a sequence.

Now each element in I can be written in the form of an infinite decimal as follows:

1 =0.a11a12a13 - A1p - -

2o = 0.ag; agg a3 -+ - agp * -

where a;; € {0,1,---,9} and where each decimal contains an infinite number of
nonzero elements. Thus we write 1 as 0.999... and, for those numbers which can
be written in the form of a decimal in two ways, for example,

1/2 = 0.5000... = 0.4999...

(in one of them there is an infinite number of nines and in the other all except
a finite set of digits are zeros), we write the infinite decimal in which an infinite
number of nines appear.

Now construct the real number?

which will belong to I, in the following way:

Choose by so by # aj; and by # 0. Choose by 50 by # ags and by # 0. And so on.*

In his 1891 paper, the interval was (0,1). In Set Theory and Related Topics Second Edition [4], the
interval was changed to [0, 1]

2No matter how hard we would try, we cannot create such a denumerable set.

3This sifts a one-to-one correspondence game to a value game.

4Cantor crafted a new value through permutations of his choice.
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Note that y # z since by # aq; (and by # 0); y # x4 since by # age (and by # 0);
and so on. That is, y # x, for all n € P5 Thus y ¢ I, which contradicts
the fact that y € I. Thus the assumption that I is denumerable has led to a
contradiction. Consequently, I is nondenumerable.

Most people fail to recognize the underlying problems in Cantor’s Diagonal Argument.

1. Flaw 1: The unit interval I = [0,1] is problematic. In Cantor’s 1891 paper, the
interval was (0,1). In Schaum’s Outlines: Set Theory and Related Topics Second
Edition [4], the interval was changed to [0,1]. In Cantor’s original paper, the real
interval in question was (0, 1); in my college textbook, it was changed to [0, 1]. Neither
(0,1) nor [0,1] can establish a one-to-one correspondence (bijection) with R. The
former excludes all integers in R, while the latter causes them to be repeated. A more
appropriate interval would be either [0,1), (0,1], [0,4), or (3,1]. Whatever the case,

the interval should be a half-open interval.

o If the open interval (0,1) is used, as in Cantor’s original 1891 paper, the unit
interval I has neither a minimum nor a maximum value, allowing the problematic
denumerable list {--- ,x,,--} to grow unboundedly in both directions.

o If the closed interval [0, 1] is used, as in my college textbook [4], the unit interval I
is bounded on both ends, such that the problematic denumerable list {z1,- -, x,}
cannot even be imagined.

This fact alone clearly shows that attempts to cover up the flaws were made — but
they were crude and unconvincing.

2. Flaw 2: The most serious flaw occurred when he constructed a new value, by
Choose by so by # a1; and by # 0. Choose by so by # as9 and by # 0. And so on.

xn:O-anlan2an3"'ann"'

where a;; € {0,1,---,9} are sequenced, and has order. Cantor crafted a new
value through permutations of his choice. We did play the same game, in the Sec-
tion 3.1 Cantor’s Game: Applied to the Integers(p. 10), as Cantor did in his Diagonal
Argument.

3.3 Proof: R is Denumerable or Equinumerous with N

As mentioned previously, we are not playing a value game through artificial permutations
as Cantor did in his diagonal argument.

Instead of using the interval (0, 1) as in his original 1891 paper, or the interval [0, 1] as in
my college textbook, the former cannot cover integers in R, the latter cannot form one-to-one

5In the textbook, the set P = N
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correspondence (or bijection), I would use a half open interval I = [0, 1), because as long as
we shift n (€ N) units of the interval, we can cover the whole range of R.

Also, instead of using N, we will use Ml = {0} UN;, for with which we can decompose M
into (1) infinitely many (2) infinite, pairwise disjoint subsets of M using modulo operation.
I simply copied and pasted from the previous Section 3.2.1 Let’s Dissect Cantor’s Diagonal
Arguments(p. 16), and adjusted the subscripts to make them compatible with the unit
interval [0, 1).

PREMISE: Assume I is denumerable. Then

I={$0,$1,$2,"'}

that is, the elements of I can be written in a sequence®.

Now each element in I can be written in the form of an infinite decimal” as follows:

To = 0. Apo Ap1 Ap2 * * - AQk * * * (31)
1 =0.apa a2 ay- -

T = O Qo A1 Ak - Ak * * * (33)

where a;; € {0,1,---,9} and where each decimal contains an infinite number of elements®.

As I stated in the previous section, we have to select the unit interval wisely.

o If the open interval (0, 1) is used—as in Cantor’s original 1891 paper—the unit in-
terval I lacks both a minimum and a maximum value, allowing the denumerable list
{-++,xp, -} to float aimlessly in both directions—the open interval cannot cover in-
tegers in R.

o If the closed interval [0, 1] is used—as in my college textbook [4]—the unit interval
I is bounded on both ends, forcing the denumerable list to collapse into a bounded
set: {zg, - ,x,}. Both integers on the both boundaries will be repeated when n units
shifted to extend to the whole range of R.

Against all the odds, let’s assume that we have created a complete exhaustive list of
all the values of x; in the unit interval I = [0,1) as in the PREMISE. We cannot actually
create such an exhaustive list with specific numerical values, but we can in this thought
experiment with appropriate conditions. Why? Because the interval I = [0,1) is closed
below, and open above, we can make use of infinite (co) number of xy, as k — oo, towards

6Tt means the number of x; are ordered in ascending order.

"It means z;’s are infinite.

8] removed “non-zero” from “non-zero elements” from Cantor’s diagonal arguments. “an infinite number
of elements” means “infinite number of digits”
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ever unreachable 1. At least as a thought experiment, such a complete and exhaustive list
of x; is feasible. If this thought experiment is not very convincing, I would like to add
Weierstrass’ € — ¢ framework. We can further assume that for any consecutive ¢ and j in M,
ie,j=1i+1, forany e >0, 0 < |z; — ;| < e should hold. That is, each element x; € I
is distinct.

Now we have to map one-to-one correspondence, or bijection, between two sets I and M,
where I =1[0,1) = {zo,- -+, Tk, - }.

We derived Eq. (2.36) in subsection 2.0.1 Binary Decomposition(p. 4), and I copied it here
for the readers’ convenience.

10P—-1

M = U Spk = {Spk | Spr = 10Pn+k, p,n € M} (base-10 decomposition) (2.36¢)
k=0

Take note that if we let p — oo, so does k — 0o, because k = (m mod 107), for all m € M,

as follows:
10P—1

M= lim | J Sk={sk|sx=10"n+k neM} (3.4)
k=0

pP—00
We can expand Eq. (3.4) vertically as k — oo:
So = {SO ‘ So = 10pn—|—0, HEM}
S1={s1]s1=10’n+1, n € M}
Sy = {8y | s =10°n + 2, n € M}

For all ¢, j € M, if i # j, then S; # S;. That is, all S; are pairwise disjoint, i.e., distinct.
Also, the elements s; of the subset Sy are determined by a distinct function of k. So, if we
expand elements of Si, we have:

So = {50(0), so(1), s0(2), -+, so(k), -}
S1={s1(0), s1(1), s1(2), - -+, s1(k), -+ }
Sy = {82(0), 82(1), 82(2)7 T, 32(k?)» }

Sk = {sx(0), sx(1), sx(2), ---, sa(k), ---} (3.8)

For all 4, j, k € M, if i # j, then s4(7) # Sk(j). Now let’s compare Eq. (3.3) with Eq. (3.8).

T =0.ap Qp1 Aga -+, Q- (3.3a)

Sk =1 Sko, k1, Sk2, "+, Sek o } (3.8a)
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In Eq. (3.8a), I denoted si(n), where n € M, as s, for easier comparison. For all k, 7 € M,
we associate each x, with the set Si, and each digit a;; in the decimal expansion of x; with
the corresponding entry sy, of the subset Sy, where j € M. Thus, the identification xj <+ Sk,
with digit correspondence ay; = si;, holds for all j, k € M, completing the proof.

Q.E.D.
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4 Conclusion

This paper has exposed the structural flaws embedded within Cantor’s Continuum Hy-
pothesis by returning to first principles: the decomposition of Ml = {0} U N into infinitely
many infinite, pairwise disjoint subsets. Each subset, when properly constructed, maps in-
jectively and distinctly to a unique real number in [0, 1), dismantling the need for so-called
uncountable sets.

By explicitly reconstructing the implicit matrix underlying Cantor’s Diagonal Argument,
we reveal that the argument’s strength depends on hidden assumptions — particularly the
assumption of a truly exhaustive enumeration being impossible. Once this matrix is exposed
and aligned with the subset structure of M, the entire notion of uncountability becomes
untenable.

The traditional concept of cardinality as a means to compare sizes of infinite sets is
rendered obsolete. Infinite sets are not distinguished by cardinal number, but unified by
structure. There exists no hierarchy among infinities; all infinite sets are equinumerous
when properly decomposed and reconstructed.

Therefore, Cantor’s Continuum Hypothesis does not merely lack proof — it stands on
invalid foundations. The implications of this paper reach beyond set theory, prompting a
reexamination of how mathematics conceptualizes infinity itself.

The continuum does not transcend the countable — it emerges from it.
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