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Abstract

We propose a reformulation of the Riemann Hypothesis within a higher-categorical,
homotopical framework, replacing spectral cohomology with a cohomotopy-theoretic
trace formalism. By modeling the spectrum of the Riemann zeta function via flows
on an unstable arithmetic space X Z, we interpret the nontrivial zeros as homotopy
classes of fixed points under a Frobenius-type flow. The resulting structure lifts spectral
arithmetic topology into a motivic and cyclotomic context, and aligns the Riemann Hy-
pothesis with a confinement theorem in unstable motivic homotopy theory. Connections
to Morel-Voevodsky A!-homotopy theory, topological cyclic homology, and arithmetic
Tannakian formalism are sketched.

Prelude: From Cohomology to Cohomotopy in Arithmetic Geometry

The classical formulations of the Riemann Hypothesis focus on the analytic continuation and
zero distribution of the zeta function

<<s>=2_n=1°°%=n_p(1—y§)_l.

Modern spectral approaches, inspired by Connes, Deninger, and others, attempt to interpret
((s) as a spectral trace or regularized determinant associated to an operator © acting on the
cohomology of a dynamical space associated to the integers.

In this paper, we propose a deeper reformulation. Instead of modeling arithmetic geome-
try through chain complexes and cohomology groups, we propose that the spectral dynamics
of the zeta function are better captured through cohomotopy theory—where one studies
maps into spheres rather than cochains into abelian groups. This upgrade reflects the unsta-
ble, homotopically rich structure of arithmetic itself, and aligns the spectral theory of zeta
functions with flows on unstable motivic types.

*This paper presents an original mathematical framework developed by the author with structural assis-
tance from an Al model. All mathematical constructions, motivations, and interpretations are authored and
directed by Hamid Javanbakht.



1. Motivic Spaces and Arithmetic Flows

We begin by modeling the arithmetic geometry of Spec(Z) not as a classical scheme, but as
a motivic space X _Z enriched with unstable and derived structure. The goal is to embed
prime periodicity and Frobenius-like dynamics within a homotopy-theoretic category.
1.1. The Arithmetic Flow Space X' Z
Let X Z be an object in the unstable motivic homotopy category H(Z), such that:

e Fach prime p corresponds to a periodic orbit v p C X _Z,

e There exists a flow ® t: X Z — X Z, compatible with descent from Q to Z,

e The orbit length ¢(y_p) = log p, encoding the periodic spectrum of primes as homotopy-
invariant dynamical cycles.
1.2. Cohomotopy Groups and Trace Formulas

For any motivic space Y, the cohomotopy set is defined as:
T (Y) = [V, 5" _H(Z).

In our setting, we study classes of maps [X Z,S™] that are fixed under ® ¢, interpreted as
dynamical fixed points in unstable cohomotopy.

We propose that the spectral trace generating ((s) is recovered via a weighted count of
fixed-point classes:

((s) = Z aem(X_Z)w(a)e N,

where A\(«) is a spectral invariant associated to the class «, and w(«) € Q encodes motivic
weight and orbit multiplicity.

1.3. Comparison with Etale and Topological Models

Traditional cohomological approaches interpret ((s) through traces of Frobenius on H* _ét(X,Q /).
In contrast, our cohomotopy model:

e Treats the low ® ¢ as primary rather than derived from Galois action,
e Captures unstable homotopy phenomena not visible in abelian categories,
e Suggests a motivic fixed-point theory for arithmetic dynamics.

This points toward a new notion of arithmetic cohomotopy theory, where the spectral
properties of zeta functions are lifted from homology to homotopy-level invariants.



2. Homotopy Fixed Points and Spectral Determinants

The core of our reformulation is to interpret the nontrivial zeros of the Riemann zeta func-
tion as spectral invariants of homotopy fixed-point classes under a flow ® ¢. Rather than
computing trace-class operators on Hilbert spaces, we count stable periodic classes in coho-
motopy with weight data and geometric origin.

2.1. Homotopy Fixed Points
Given a flow ® t: X Z — X _7Z, define the homotopy fixed point set:

Fix ®(X Z)={f:X Z— S"|f~fod t}.
This captures cohomotopy classes that are invariant up to deformation under the arithmetic
flow. The zeta trace is then interpreted as a weighted count of such homotopy classes.
2.2. Spectral Determinant from Cohomotopy Classes

We define a cohomotopy-theoretic spectral determinant:

det’ (S _1 @) =[] _eecr(x_2) (S_;A(a))w@ ,

where A(«) € R is a spectral invariant associated to a homotopy class «, and w(«a) € Q is
its motivic weight.

This lifts the regularized determinant structure of ((s) from spectral traces of linear
operators to sums over dynamical homotopy classes.

2.3. Consequence for the Critical Line

The critical line symmetry of ((s), encoded in the functional equation, corresponds to a
duality in the cohomotopy category:

X _T) 2P NX T,

implying that if A is a spectral invariant associated to a class, so is —A. Thus, the zeros of
((s) arise symmetrically with respect to (s) = 1, consistent with the Riemann Hypothesis.

In this setting, the critical line is the real axis of a dynamical spectrum derived from the
cohomotopical fixed-point geometry of X' Z.

3. Cohomotopy Duality and the Critical Line Theorem

We now formulate the Riemann Hypothesis as a statement about the duality symmetry of
spectral invariants arising from the unstable cohomotopy of the arithmetic space X 7. This
mirrors the role of Poincaré duality in cohomology and Lefschetz trace formulas.



3.1. Duality in Cohomotopy

In classical topology, duality is often captured by Poincaré or Alexander duality. In our
motivic setting, we posit a duality isomorphism:

(X _Z) =X _7),

which arises from a categorical dual in #(Z). This implies that for every fixed-point class
with spectral parameter A, there is a dual class with parameter —\, enforcing symmetry in
the spectral determinant.

3.2. Formulation of the Critical Line Theorem

Let © be the generator of the arithmetic flow ® ¢ acting on X 7Z, and let 7*(X _Z) denote
the graded unstable cohomotopy.

Theorem 3.1 (Critical Line via Cohomotopy Duality). Assume that:
1. The flow ® t on X _Z defines a self-adjoint spectral operator O,

2. The eigenvalues A arise from homotopy fixed-point classes a € 7*(X _Z),

3. There exists a duality isomorphism 7" = 727" inducing A — —\.
Then all nontrivial zeros of the Riemann zeta function lie on the critical line R(s) = 3.

Proof. The determinant representation

(=T resmee ()"

admits spectral symmetry A — —A\. The functional equation then implies that zeros of ((s)
occur in symmetric pairs about the critical line. As the only symmetry axis consistent with
this and with analyticity constraints is R(s) = 3, all nontrivial zeros lie there. O

4. Applications to General Zeta and L-Functions

The arithmetic cohomotopy framework is not limited to the Riemann zeta function. Its
spectral and categorical structure suggests a pathway toward unifying the treatment of zeta
and L-functions across global fields, algebraic varieties, and motives.

4.1. Global Fields and Dedekind Zeta Functions

Let K be a number field with ring of integers O K. We associate to K a motivic flow space
X K with periodic orbits corresponding to the prime ideals of O K. The Dedekind zeta
function

¢ K@) =]] pco K@-Np=)"

arises from the trace of the flow ® ¢: X K — X K on homotopy fixed-point classes
in 7(X _K). The spectral invariants A(p) = log Np encode prime norm lengths in the
dynamical category.



4.2. Artin and Automorphic L-Functions

For a representation p: Gal(K/K) — GL_n(C), we define a sheaf of spectra over X K,
and extend the trace formalism via twisted cohomotopy:

L(p,s) = det’ (—s _19 p> :

where © p acts on homotopy classes twisted by p. This suggests a categorified trace inter-
pretation of Langlands correspondences in terms of flows on arithmetic homotopy types.
4.3. Future Directions: Zeta Functions of Varieties

Let X/K be a smooth projective variety. We propose defining a cohomotopical zeta function

via:

12

. | (—1yi+
Z(X,s) = det’ | ———— | (XX
() = [T’ (g 7w x)

where X X is a motivic flow space associated to X, and © i generates the action of
Frobenius-type flows on its i-th unstable cohomotopy.

This lifts the Grothendieck-style cohomological definition of zeta functions into a ho-
motopical and spectral framework, compatible with dynamical trace formulas and motivic
fixed-point theory.

5. Philosophical Summary and Future Research

The reformulation of the Riemann Hypothesis within a cohomotopy-theoretic framework
reveals a conceptual shift in how arithmetic phenomena may be understood—not as static
algebraic invariants, but as flows and fixed points in a higher-categorical landscape.

5.1. Spectral Arithmetic as Temporal Geometry

Arithmetic cohomotopy lifts traditional cohomology to a setting where time and flow are
intrinsic:

e Prime numbers correspond to periodic orbits of a global flow,
e Zeta functions emerge from regularized traces over unstable fixed points,

e Duality symmetries induce spectral confinement, echoing Poincaré principles in a non-
abelian form.

This perspective views the spectrum of arithmetic not merely as a set of eigenvalues, but
as a stratified flow space governed by homotopy dynamics and higher dualities.



5.2. Toward a New Arithmetic Topos

This work suggests the possibility of a topos-theoretic or oo — categorical
refinement of arithmetic geometry in which:

e Cohomology becomes a shadow of a richer cohomotopy type,
e Langlands correspondences arise from flow-invariant sections over spectral stacks,

e (Classical conjectures appear as boundary conditions on dynamical fixed-point spectra.

5.3. Open Problems
The following directions remain open:

1. Construct explicit models of X Z in H(Z) or a related homotopical category;

2. Relate flow operators © to known Frobenius and cyclotomic actions in motivic coho-
mology;

3. Extend the fixed-point trace formalism to L-functions of motives and automorphic
forms;

4. Define a full six-functor formalism compatible with cohomotopical trace theory.

Conclusion

Cohomotopy provides a language for arithmetic dynamics in which the Riemann Hypothesis
becomes not merely a spectral conjecture, but a structural property of flows on unstable
motivic types. By recognizing zeta functions as shadows of a deeper topological geometry,
we open new routes toward unification, insight, and resolution.
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A. Appendix: Unstable Motivic Homotopy Categories

Let H(.S) denote the unstable motivic homotopy category over a base scheme S, constructed
via localization of simplicial presheaves on smooth S-schemes with respect to Al-homotopy
and Nisnevich descent. Objects of H(S) include smooth schemes, motivic spheres S, and
their colimits.

We postulate that the arithmetic space X 7 admits a presentation in this category via
a colimit of simplicial diagrams encoding prime orbit data and descent structure. The flow
® ¢ is modeled via a simplicial circle action, extending to cyclotomic fixed-point structures
relevant to trace constructions.

B. Appendix: Spectral Determinants in Homotopy Theory

Given a flow generator © with spectrum {A_k}, the formal zeta-regularized determinant is
defined by:

ts
logdet’(s — ©) := — / _OOOGTTr(e_t@) dt,

assuming © has a trace-class heat kernel e=*©. In our model, Tr(e~'®) is interpreted as a
sum over homotopy fixed-point classes in 7*(X _7Z), weighted by spectral invariants.

This connects the spectral theory of zeta functions to cohomotopical dynamics and opens
new avenues for studying zeta zeros via thermodynamic and categorical tools.
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