Fine-Tuning the Generating Function Technique for
Nonlinear Partial Differential Equations

Robert L. Jackson, II
©April 19, 2025

Abstract

This article emphasizes the fine-tuning step of the Generating Function Technique
(GFT), a crucial component that enhances solution accuracy and computational ef-
ficiency for nonlinear partial differential equations (NPDEs). Unlike other methods,
such as the Simplest Equation Method, G’/G-Expansion Method, Adomain Decompo-
sition, and Homotopy Perturbative Method, the fine-tuning step within GFT systemat-
ically optimizes the solution series. This paper demonstrates the impact of fine-tuning
through detailed applications to inhomogeneous NPDEs, elucidating its capability in
generating superior analytical solutions.

1 Introduction

Typically, solving nonlinear partial differential equations (NPDEs), particularly inhomoge-
neous types, presents numerous difficulties due to their inherent complexity and broad appli-
cability. Traditional methods, including the Simplest Equation, G’/G-Expansion, Adomain
Decomposition, and Homotopy Perturbation Methods, often rely on computational brute
force, resulting in extensive calculations and reduced interpretability. To overcome these
limitations, the fine-tuning step within the Generating Function Technique (GFT) leverages
analytical insights to optimize solution parameters, significantly enhancing precision and
efficiency.

GFT offers a structured approach for constructing solutions by employing a generating
function ansatz, which transforms the PDE into an algebraic or simpler differential form for
analysis and simplification. We focus on two primary scenarios:

e Homogeneous NPDEs, where the GFT can be directly applied.

e Inhomogeneous NPDEs, where the Fine-Tuned GFT (ft-GFT) is introduced. This
technique utilizes (double) Green’s functions to handle nonhomogeneous terms sys-
tematically.

This paper aims to demonstrate the power of GFT and its fine-tuned variant, ft-GFT,
through multiple examples derived from classical NPDEs.



2 Generating Function Technique (GFT) for Homoge-
neous NPDEs

All work was performed with Mathematica (C) software. The study includes its notebooks
of examples.

2.1 General Framework

The GFT is based on constructing a generating function U (¢, z) such that the solution u(t, z)
can be expressed as:

Ut,2) =) ai (Z 2¢<£>’fsk<0>> +bi (Z 2¢<f>kok<o>) , 0
ij k=0 k=0
where £ = ot + Sx.

Where f(¢,z) is an exponential or trigonometric basis function, depending on the PDE,
the coefficients a; ;, b;; and parameters (e.g., o, ) are determined by substituting u(t, x)
into the PDE and solving the resulting algebraic conditions.

2.2 Example: Bateman-Burgers or BB Equation

The BB equation is:

Up — Uyy + % (v?), =0. (2)

Using the GFT ansatz from BB 1DP-FT.pdf, we define:
f(t.x) = Ae™, &= at+ fur, (3)

with ps = 1. The generating function U is constructed as a combination of cosh and sinh

terms: %y
2e
U=-—_"1L (4)
A? + %€
By substituting into the PDE and matching coefficients, the parameters b;; and 3 are
determined.

2.3 Example: Korteweg-de Vries (KdV), Benjamin-Bona-Mohany
(BBM), and Boussinesq Equations

The KdV equation is:

1
Up + Upgy + 5 (u2)ﬂj =0. (5)
The BBM equation is:
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The Good Boussinesq equation is:

Ut — Ugy — Uggza T % (UQ)MC = 0. (7)

Using the GFT ansatz from BB 1DP-FT.pdf, we define:
f(t,x) = Ae™¢, € =at+ Br, (8)

with p, = 2. The generating function U is constructed as a combination of cosh and sinh

terms:
4A2a1 2
U= : . R (9>
[(1+ A?)cosh(at + ) — (=1 + A?)sinh(at 4+ Sz)]

By substituting into the PDE and matching coefficients, the parameters a;o and o are
determined.

2.4 Example: Sine-Gordon or SG Equation

The SG equation is:
Uy — Ugy + sinu = 0. (10)

From SG 1DP-FT.pdf, the application of GF'T incorporates slight alterations to the param-
eters and the power definition of ¢ (&) in the generating functions associated with U(§),
leading to:
es
A
It is critical to note that the coefficient and parameters that were determined in this
section are carried over in the derivation of solutions of inhomogeneous NPDes in the next
section of this study.

eé‘

U = 2a; arccot(—) + 21)1,1arctan(A). (11)

3 Fine-Tuned Generating Function Technique (ft-GFT)
and Green’s Functions

3.1 Green’s Function Overview
Green’s functions provide a fundamental solution to linear operators:
LG(z,2') = §(x — 1), (12)

where L is a differential operator. For inhomogeneous PDEs, solutions can often be expressed
as:

u(z) = /G(x,x’)s(m') dx’, (13)

where s(z) is the forcing or source term.



3.2 ft-GFT for Inhomogeneous PDEs

The ft-GFT, for multiple-dimensional forcing terms, modifies the generating function by
incorporating Green’s functions:

Ult,z) =Up—p (&) + // G(t,x;m,()s(m, () dmd(y (14)

where Uy, is the "fine-tuned” part of the GFT-based homogeneous solution, which includes
the incorporation of a DOUBLE-LAYERED Green’s function term to the ansatz, and the
normal Green’s function integral term accounts for inhomogeneity. In other words, we carry
over the solved parameters and coefficients, then apply the double-layered Green’s function
adjustment to the ansatz in the homogeneous portion within the overall solution, allowing;:

§= at+ﬁx—|—7// G(t,z;72,(2) (// G(7'27§2;7'1,C1)3(7'1,Q)dTldCl) dTadC,. (15)

After an initial approximation using generating functions, parameters such as coefficients
a;; and function parameters are adjusted iteratively based on minimization criteria, often
targeting reductions in residual error. This process can formally be described as follows:

gllljr}l!ﬂ (), U'(&),U"(&),-- I, (16)

where F' represents the NPDE under consideration, the fine-tuning step thus provides a rig-
orous analytical framework for parameter selection, improving the accuracy and stability of
the derived solutions. The inclusion of Green’s functions significantly minimized the resid-
ual associated with integrating over time twice when solving the inhomogeneous Boussinesq
equation.

For this study, we only use one-dimensional forcing or source terms in the inhomogeneous
NPDESs.

3.3 Example: BB with error function forcing term (ERF-FT)
Equation

From BB Erf-FT.pdf, the BB equation with an error function forcing term is solved by:

U UCT‘FTt.%'U)‘i‘Una

/ S Exf(\7) d a7
U, (t) = /0 U, (1) dr.

The resulting solution merges the homogeneous GFT solution with the convolution integral
involving the Green’s function.
Step 1: Generating Function Ansatz



The method is initiated with the ansatz:

t
f(ta) = A, €=at+ Bzt / U, () dr, (18)
0

Where the background component is:

Un(t) = /Ot o Erf(AT)dr. (19)

Step 2: Residual Derivation
Substituting the ansatz into the governing PDE, we form the residual:

R = — Upy + % (u?), — 61 Erf(At). (20)
Symbolic differentiation and algebraic manipulation (via ‘TrigToExp‘ and ‘Expand‘) yield a
structured form involving Gaussian-weighted terms and Hermite-like polynomial weights.
Step 3: Symbolic Parameter Resolution
After carrying over A and by 1, then solving for the remaining parameters and coeflicients
from the algebraic system derived from the residual coefficient vanishing yielded the optimal
parameter set:

{a7ﬁ’77"47 bl,l} = {ZBQaﬁa _ﬁa 1725}7

confirming closed-form solvability. These parameters minimized all symbolic coefficients in
the residual expression.

Step 4: Final Closed-Form Solution

The fine-tuned solution of the inhomogeneous BB equation becomes:

fe2B(x+2tB+t61/ (/X)) B

u(t,r) = — A?

2e—t222¢

e2B(z+2t3+151/(VTN) 4 e%ﬁ ( VA
(=1 4 e ¥ 4 \/TtAExf (M),
VA

. With A = 1, the numerator vanishes, yielding a nontrivial contribution purely from the
background term U, reflecting a pure integral response to the source.

Step 5: Accuracy and Validation

The residual R was numerically integrated over a wide spatiotemporal domain using
NIntegrate, yielding effectively zero contribution:

L )Er
+(212+ 55 )E f(tA))le (21)

+

€= / |R(x,t)[*dzdt =~ 0.

This confirms the solution’s exactness within machine precision limits. The solution also
demonstrated enhanced accuracy compared to finite difference and finite element baselines.



3.4 Example: Boussinesq periodic Equations

From Bou Good 1DP-FT.pdf, the Boussinesq PDE is:
Uy — Ugy — Uggze + (U?)ge = d1c0s(wt). (22)

Step 1: Generating Function Setup The ft-GFT adjusts the generating function
with higher-order Green’s functions:

U= UGFT (tha Ua) + Un7

U, (t) = /O (t — 1) d1cos(wT)drT, (23)
0.0 = [ (=) ar

where s(7) includes contributions from the inhomogeneous terms. Finally, we numerically
approximate the remaining parameters and coefficients that were not deduced during the
construction of the homogeneous solution to derive the exact solutions of the inhomogeneous
NPDE.

Step 2: Residual Minimization via Symbolic Computation

The residual function is defined as:

R =uy — Upy — Uppys + %(u2)m — dycos(wt), (24)
and expanded in terms of symbolic coefficients using trigonometric-exponential forms. After
carrying over a; 2 and « for the homogeneous solution, residual vanishing was verified using
symbolic algebra, with coefficients such as A, 3, and ~, while higher-order harmonics were
systematically constrained.

Step 3: Coefficient Optimization

From the symbolic system’s solution set, the averaged fine-tuned parameters were ex-
tracted: A = —5.71, § = 9.67, and v = —15.8. These values minimized the symbolic
residual structure.

Step 4: Final Closed-Form Optimized Solution

The solution constructed from the generating function takes the closed form:

2
15.78276; (12w 42 cos(wt) —2)

146491 - exp (— + 374.328 -t + 19.3346 - 3:)

(t2) wt 1 (cos(wt) — 1)
u(t,r) = _
82,6557 + exp (- IS 2t D) 374 398 14193346 - ¢ w?

(25)

Step 5: Validation and Visualization

The symbolic residual R was re-substituted into the governing equation and expanded via
‘TrigToExp‘ and ‘Simplify*. Visualization through P1ot3D confirmed near-zero residual over
a wide domain, demonstrating the correctness and consistency of the fine-tuned solution.
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Figure 1: 3D-Plots of four exact solutions (orange) and their inhomogeneous NPDEs (blue).

3.5 Example: (Modified) KdV, KS, and SG Equations

The Modified KdV and Kuramoto-Sivashinsky equations are similarly solved using ft-GFT,
combining the GFT-based homogeneous solution with (double) Green’s function-driven cor-
rection terms to handle the forcing terms.

4 Comparative Analysis

The GFT excels in constructing explicit solutions to homogeneous PDEs, but struggles with
inhomogeneous terms. The ft-GFT resolves this by introducing Green’s function convolu-
tions. While GF'T is algebraically simpler, ft-GF'T provides a systematic way to incorporate
external forcing effects. The trade-off lies in the complexity of calculating Green’s functions
for nonlinear operators.

5 Conclusion and Future Directions

There are trade-offs between computational costs and factors, such as accuracy and precision,
when determining the constants of solutions for NPDEs with forcing terms. For example,
if one skips deriving the solutions for the homogeneous NPDEs of interest and then solves
for all coefficients and parameters immediately, the computational costs decrease, while the
L? norm residual increases. However, if (s)he does carry over the symbolic definitions for



some constants after solving the homogeneous equation, that individual will likely witness
the opposite effects.

In summary, fine-tuning is a sophisticated, iterative, and systematic optimization strat-
egy that significantly enhances analytical solutions of NPDEs provided by the Generating
Function Technique. This structured optimization approach ensures robust, accurate, and
computationally efficient final solutions. Future work includes applying ft-GFT to multi-
dimensional PDEs, systems with stochastic forcing, and exploring numerical implementa-
tions where analytical Green’s functions are intractable.
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0bli, j1 < Sum[2 Coslk x| 21"i f1t, X1k, {k, 0, InfinityN " j, {i, 1, 1}, {j, psi, ps2}]]
Clearlf, &, psl, ps2]

out[232]=

ta+x /4
out[233]=

2
out[234]=

2
out[235]=

4A%a[l, 2]

(1 +A?) Coshlt @ +x g1 —(~1 + A?) Sinh|t @ +x,é’])2
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In[237]:=

Out[237]=

UZ

FU = Expand| TrigToExp| DIU, {t, 2)] ~DIU, {x, 2 -DIU, {x, 4)] + D[j, . 2)]]]

24214338 o7 A% a[l, 2]

(_é (_g—tzl—xﬂ+(}4r+xﬁ’)(_1+A2)+é(€—t(1—xﬂ+(}4r+xp’)(]+A2))4

487 A?all, 2

24 721238 02 A% a[l, 2]

(_,; (_eftafxﬂ+[}zr+xﬂ)(_1+A2)+

1

2

+

(eftafxﬂ+[}zr+xﬂ)(1+A2))4 (_é (_eftafx/+flzr+xﬂ)(_1+A2)+

8495 o? A?a[l, 2)

1

2

(eftafx/ +‘,11z+xﬂ) (1 +A2))4

8t o? Atall, 2)

(_,; (_fftafxﬁ+[1ri+xﬂ)(_l+A2)+

1

2

(fftafxﬁ+[1a+x,€)(]+142))3

24(2t”+2xﬂ142ﬁ2(1[1, 2]

(_,; (_(—rn—x/fﬂL{twfx/é’)(_]+A2)+€ ((—trz—x/f+[tzr+x/é’)(1+/42))3

48 A* £ all, 2]

(_,; (meteh 4 d o) (<] 4 A2) 4] (E—t(i—xﬁ+€t(r+xﬁ)(]+A2))4

1
2

24{7%072)5/6?A6/£2a[]y 2]

+

(_,; (_K—t(r—xﬂ+(}(/+xﬁ)(_1+142)+é ({-m-xﬂ+(}(/+xﬁ)(]+A2))4

849 A2 fall, 2)

(_é (_eftafx,é’+€ta+xﬂ)(_1+A2)+é (eftafxﬂ+€ta+xﬂ)(1+A2))4

878 A% g all, 2

+

(_é (_p—trr—x,/f+(}M+xﬂ)(_1+A2)+7 (p—lri—xﬂ+(}//+xﬂ)(]+l42))3

1
2

480 A1et4x8 A2 gtall, 2]

(_é (_F—t”—xﬂ+{1/r+xﬂ)(_1+A2)+7 (p—t”—x/é’+{1/r+xﬂ)(1+A2))3

1
2

1920 2127 A% g4 a[l, 2]

(_é (_f—t/r—x/f+£}ri+xﬂ)(_]+A2)+é (f—t/r—x/f+£}ri+xﬂ)(1+A2))6

2880 A% g all, 2

(_é (_pft/rfxﬂ+H/y+xﬁ)(_1+A2)+

1

2

(p—t/r—xﬁ’v‘?/r«fxﬁ) (1+A2))6

1920 ¢7217235 A8 g4 q(l, 2

(_é (_{—tri—xﬁ+pt/r+x/f)(_1+A2)+é({—tri—xﬁ+pt/r+xﬂ)(1+A2))6

480{)—4ta—4xﬁ/410ﬂ4a[1’ 2]

(_é (_gftnfxﬂ+é1r+xﬁ)(_]+A2)+

1
2

(’g—trr—xﬂ+é1r+xﬁ) (1+A2))6

576(3t(r+3x/iA2ﬂ4a[1’ 2]

(_é (_{—trr—xﬁ+ptﬂ+xﬁ)(_1+A2)+

1

(fftrifxﬂ+Ftﬂ+xﬁ)(]+A2))6

576 £t 8 At gt all, 2]

(_é (_(,—Za—xﬁ+(la+xﬁ)(_1+A2)+§ ((,—Z(r—xﬁ+(la+.r,é’)([+l42))5

576 &7 A® gt all, 2]

(_,; (_{)—ta—,r/f+{;zr+x/f)(_]+A2)+,; ([—ta—,t/f+{;zr+x/f)(]+A2))5

576{7_%”73):,6148/674 a[[} 2]

(_é (_F—t”—xﬂ+{1/r+xﬂ)(_1+A2)+7 (p—trr—x/é’+{1/r+xﬂ)(1+A2))5

1
2

168 F21e+2x8 A2 pg(l, 2]

+

(_é (_p—t(r—xﬂ+(t/r+xﬁ)(_1+A2)+é (p—t(r—xﬂ+(t/r+xﬁ)(]+A2))5

48 A7 gt all, 2]

(_,; (_{—Z¢r—xﬁ+fla+.rﬂ)(_l+A2)+,; (rfzafxﬁ’+[la+x/é?)(]+/42))4

168672t1r72x,/? Aﬁﬁ"a[l, 2]

+

(_,; (_{—z(r—xﬁ+(la+,rﬁ)(_l+A2)+,; (rfnrfxﬁ+(la+xﬁ)(]+l42))4

86‘””‘/‘7142/5461[1, 2]

(_é (_Z,—tfi—xﬁ+(/t(r+xﬁ)(_1+A2)+é (Z,—tri—xﬁ+(/t(/+xﬁ)(]+A2))4

8t 8 A plall, 2)

+

(7,; (7{—10—)(/?+(}a+x,6’)(71+/42)+§ ({—l(r—x/i+[}a+x,é’)([+l42))3

160{2””‘“/’7/445251[1, 2]2

(;; (7ffrafx/i+l;a+x,é’)(71+A2)+,; (ffrafx/i+l;a+x,é’)(]+l42))3

320A° g2 all, 27

+

(;; (7f—trz—x/i+€la+x,é’)(71+/42)+é (f—tn—x/i+€la+x,é’)(]+/42))6

160672“’72"/’7 A8ﬂ2 a[l, 2]2

(;; (7{—r0—xﬂ+l;a+xﬁ)(7]+A2)+é ({—tr/—xﬁ+£,la+x,6’)(]+l42))6

32Kt<r+xﬁA4ﬂ2a[1’ 2]2

+

(7,;(7(—10—):,6’+‘,}(1+xﬂ)(7]+/42)+,; ((—lw—x,é’+{,f(1+xﬂ)(]+A2))6

32 eftafx,é’Ali/byZ d[], 2]2

(_é (_pft(rfxﬂ+#zr+xﬁ)(_1+A2)+

1
2

(p—t(r—xﬂ+gzr+xﬁ) (1+A2))5

(_é (_eftzrﬂ/" +#’”xﬁ)(—] +A2) +

1
2

(E—t/r—xﬁ_/_#rm»xﬁ)(l+A2))5
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In[238]:=
AE = Union|Flatten| CoefficientList| Expand{FU Denominator[Together[FU]]], {¢'*, £ “}]]]
Length[AE]
Out[238]=
{0, 1607 A%all, 21-16 A2 pPall, 21-64 A7 g all, 2, 16 &° A% all, 21-16 A" 2 all, 21 -64 A" £ al1, 2),
—32a° A%all, 21+32 A% g2 all, 21+ 1664 A* 5 a[l, 21+ 128 A? #° a[l, 27,
967 A®a[l, 21+ 96 AS £ a[l, 21 -4224 A® 5 a[l, 21 -384 AS 5’ a1, 27,
-32a7 A%all, 21+32 A% g2 all, 21+ 1664 A% 5% all, 21+ 128 AS 5 all, 2F)
Out[239]=
6
In[240]:=
SC = Solve[Table[AE[i] == 0, {i, 1, Length[AE}], {all, 2], A, @}]
Length[SC]
+++/ Solve: Equations may not give solutions for all "solve" variables.
out[240]=
{{A -0}, {a[l, 2] - 0}, {a[], o -I28 a— g2 +45 } {a[], 2 > =128 a— G +4 5 }}
Out[241]=
4
In[242]:=
Co = Simplify[SC[4]] /. Rule - List
Length[Co]
out[242]=
{{atr, 21, 12 8°), (e, N 5* +4 5" |}
out[243]=
2
all, 21 = Col 1, 2]
@ =Co[2, 2]
u = Simplify[U]
W’
Fu = Simplzfy[D[u, {t, 211 -Dlu, {x, 2] - Dlu, {x, 4] +D[—, x, 2:”
2
Clearla, b, A, B, @, 8, /, y, &)
Out[244]=
-12 5
Out[245]=
NG 45
Out[246]=
48 A? 52
((l +A?) Cosh[xﬂu NG +4,6’4]—(—1 +A2)Sinh[xﬂ+t N B +4,6’4])2
out[247]=
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In[249]:=
Un :f(t—r) Coslr w]d[11d 7
0
Simplify[D[Un, {t, 2}1]
flt, x1:=A e
f:m+ﬁx+7Simphﬁz[f(t—r)(Un/z-» ndr
0
psl =2
ps2 =2
U = Sumlali, j|  Sum|2 Sinlk 7/ 217 f1t, )"k, {k, 0, Infinity] " j +
0bli, j1 < Sum(2 Coslk 7/ 21i f1t, X1k, {k, 0, Infinity}| " j, {i, 1, 1), {j, psI, ps2)]+ Un
Clear(f, &, psl, ps2]
Out[249]=
(~1 + Coslt @) S11]
i
Out[250]=
Cos[t w] S[1]
out[252]=
7 (=2+F & +2 Coslt w]) 811
ta+x 4+
247
Out[253]=
2
Out[254]=
2
Out[255]=
Stwsr gy L 2ot ot
P - A%all, 2] (-1 +Coslt w]) 5]
[{Ztri-&?,\ﬁ a/ +A2]Z
In[257]:=
/t_1:=0[1] Cos[w t]
U2
FU2 = Expand[TrigToExp[D[U, {t, 2 -DIU, {x, 2)] -DIU, {x, 4] +D[—, {x, 2:] —/'[t]”
2
Clear[ /]
Out[258]=
btvn gl L R A Stavix g2 A
96 ¢ @?A%all,2] 96e o o’ Ad(l, 2
_ +
dtavan gl A Y 2taszy gt A
Stawan gl A 6tash gutt B
16 ¢ a+2x f ] (2’2142(1[1, 2] 96 & a+6Xx f+ W] Azﬁza[lj 2]
_ +
T dtrzy gl Ao A
((} @ A2 [z e o +A2]
9 ¢ a+dx f+ w Azﬂza[l, 2] I6¢ a+2x f+ ] A2ﬂ2a[1’ 2]

2ia+2x g y(-2¢e 10 s 104 P) 511 2iar2xp P 2ee 1w 112 P) 810)
arexsrTTTT LT a4dx fa— r T v
(E . +A? [f - +A2
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10,”+10Xﬁ+5y( 2ee 1911012 A o1l 8ta+8x,6’+4”72#4(%/(“’2 A)olll
7680 ¢ o A2 gtall, 2] 15360¢ A? gtall, 2]
+ _
[ 2ta+2xﬁ+’V‘i"”ﬂWMW”J(/MI“ , ¢ [ 210+2xﬁ+,(4‘(*"%/"#‘#,,f’m/] 2]7
e o +A e o +A

3y (24t 19 4P ) al)
6ta+6x f+

9600 ¢ o 1920

2 ptall, 2]

4t/r+4x,/9+

y(-2+e7 19w 1942 P 511

A% gta 12]

o

2ias2xp y(224e 14 142 Pl 4
a+iX 2
[e g +A 2)

y (206191 1 42 WP) 8111

Yat2xp y(2#e 111942 oP) o110 3
@t X p+————————
[f ? +A 2]

y (206191 142 P) L)

2ta+2x f+- 8)‘11/+8t/7+
64 ¢ o A2 glall, 2] 640¢ A? g2 all, 27
+ —
y(24e 10 s 100 ) o10) (241911942 WP) 511) 9
2ta+2x f+ 2ta+2x fr——————————
(f o +A? [{‘ o +A2)
lar6xp 3y (<24 e w12 P) oLl Ytardxp y(24e 1+ 1012 A) o1l
a+6x fr———————————————— a+4x +7
640 ¢ A* pPall, 27 128 At g2all, 27
+ —
Yar2xp y (2012 142 P ol Yar2ng y(24e 19w 1912 W) 511 ¢
@+2X fA——————— @+2X fr———————
[f o +A? [{’ o +A?

3y (-2ee s 1wl ) 1)
61{1+6Xﬁ'7;tw+7

967 ¢ o @ A? yall, 2]

oIl 967e

Glatbxgiit 3y (-2¢e @ 19 wP )]
a+0Xx +itlw+———————————
o @ A% yall, 2] < o[

+

+

o

dtav2rg F (2467141942 P) s11) \
@+iX o
[.{’ 4 + A2] o

2y(20e7 91 19 4P )11

(-2+e 111w 12 ) 511 ¢

L4
2ta+2x f+
(r o +A?2

2y(2+e 19w @ wP ) o)
dto+dx f+itw+————————————————

. dtoa+dx p-itw+ .
9 i e o 2yall, 2] o] 96i¢ @ A? yall, 21 - o1
2’ p2x el (<2419 s 1942 WP) 5111 by +2Xﬁ+y[7.7+1"”“+1/““+13mz]u"m
a —_— @ —_—
o +A?| & e o A &
Ytardx it y(-2+e 19w 1042 P) 511 Ytardxpiit y(24e7 10w 101 ) 511
. @F2Xf-itwt+——————— . @+2x fHitw+———————
16/ ¢ o Zyall, 210111 167i¢ @ A? yall, 2] < (1]
+ +
y(20e 1 1l ) ol y(2e 1 1P ) oLl
2!0+2x,€+7 2!a+2xﬁ+7
[1) o +A% e ot +A%
6lat6rp y(24e7 10w 101 ) o1 6latbx pit Iy(-2ee s 4P WP) ol
a+0x + a+0x —flw+
96 ¢ A% gall, 2] o111 48 A? g% all, 2]~ (1]
diaidnp y(-2+e 10 st R ) o1 e diaidep y (24619 1 1042 W2) 811) 4
e+ X p+————— a@+iX +
[(’ o +A?| & e o +A?| &

X 3y(24e 101 1942 WP) (1)
6ta+6x f+itw+

2y
dta+4dx f+

(<2419 41012 ) (1)

48 ¢ ’ o A% gall, 21 o111 96¢ A? g2 all, 2] o11]
- +
(-2+e7 1@+ 19422 ) o11) ¢ y(=2re st o L) s
(Ezrm-Zxﬁﬂfﬁ_Az o [6210+2xﬁ+f w2l w2
4t0+4)(ﬁ7[v,w+.’}/[71‘{"““*1‘““‘tlml]/ﬂll 4“”4Y/f“,,‘,J,ZV""”"}/N*’”M*'J’/""'/]
484 A2 fall, 2] ;[1] 48 A? g7 all, 21+ 811

+

2 +2Vﬁ+}/(72+.r' s 4P Pl
@+2x
e o +A%
by +2X/€+)/(714»(»"'“+("“’<»1244/‘7'A[/]
e r\re” Tre T &)U

16 ¢ o A% p2all, 2] < o[1] 8¢

2[{1+2Xﬁ7{'lkl+y

diasirg Y2061 10 P) ol 3
@+zX 2
[z‘ o + A2] &

(2+e7 s 1o 12 W) 51N

A% g all, 2] < o1]

2ee w1942 A sl

(24 s 1wl WP) 510

7(
2te+2x fr———————————— 2ta+2x fr————————————
[e % o A2 W2 [{ a+2xp o +A%| &
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2iar2x peit y(24e7 19w 1012 WP) 511 bta+bzp 3y (c2+e 1w 0w ) a1l
a+2x fitw+———————————— a+6x +7
8¢ A% p2all, 21 < S11] 192 o ta A yall, 2]~ S(1
Ve
+ —
iy r+2xi+’V‘i"“ﬁW"ﬂ“g‘/m” 2 ’+2Xﬁ+y\z’+r”“"+/’”’+Fa;2](f[l| 4
a —_— a —_—
[(’ o +A2 Q/Z e A +A2
ttardzp 2p(-2407 1419 42 ) 811) frardx it 2p(=24e 1 s 142 WP) 511
a+4x e a+4Xx —lwtr—
16 ¢ o A% yall, 2) < o[1] Se A? yall, 2) < 1)
+ +
Yat2xp y(-24e 111942 WP) o101 2ar2xp y(2¢e 10+ 1012 A) o1l
a+2x ar2x fr———————————————
(f o +A?| & [@ 7 +A%| &
dtardxgiit 2y(-2+e 19 1912 ) L) ttardng 2y(-2¢e7 14142 A) 11
a+4dx f+it wt+————— a+dx f+———————— .
8e o Al yall, 216111 192¢ ta A% yall, 2] - 6111
Ve Ve
- +
2,([+2xﬂ+y[72#f"”#r’“’#/”mz]/}\ll 2t(/+2xﬂ+ (2401911942 o) 511
e o +A%| &P o +A%| &
2tar2xp y(=2+e 1Ot 0 s L2) 1N Yat2x poit y(24e 10+ 1912 A) o1l
e+ X pt————— a+iXx p-itwt+———
8¢ A? yall, 21 o[1) 4¢ A? yall, 2] < o1
Ytai2ng y(-2e 19 s 112 ) s(1) 2tas2x F(-2#e 19 s 1 wP WP) 510
@+zX S @+iX —
[t’ o +A?| & [f o +A?| &
Yardx it y(-24e 111942 WP) 511 Yar2ng y(24e 19+ 1942 P) ol
e+ X pitlw+—— et X p+————
4c o A% yall, 21 o1 32¢ o ta A% yall, 2] < 8(1
Ve Ve
+ +
y(=2re™ 10w 10w P) o1l y(=2+e™ 14112 WP) 511
2ta+2x fr——— 2ta+2x f+——
[f o +A%| & ((’ o + A%l &?
(240719 119 42 ) 511 (<2467 1“4 1942 WP) o11)

3 3
6ta+6x 6+ te+6x f-27itw+ 4

48170 " A2 P all, 21 81IY 24577 - A% 37 all, 210117

dairep (24019 419 42 2) a1) 2 iz p y(20e 194 142 Pl ¢
a+2x f4+——————————————— a+ix +7
(f 7 +A2] o [ ] +A?
Grastnpirit 3 (-2ee 1 ue 10 a2 2 g1 PRSI <101 P)all)
a+6x f+27i t wp———————————— a+dx +7
244 - A2 2 all, 216117 48 ¢ o A? 7 all, 21611F
— +
Yiarizp (2ee 1w 1912 ) Al ¢ 2ta+2x f (et 1t 1 P ol
a4dx fa— = T T a+2X ot
((‘ o +A2] o° ((’ o +A?| o
2y (2re e nd 4l P)oll) 2yl a0 )0t}

dta+dx f-2itw+ dta+4dx f+27tw+

24¢ - A2, 2all, 216117 24¢ A? 2 all, 216117
+

+
y(24e 10+ 1012 A) ol y(2ee 10+ 1012 A)oTl
2ta+2x fr—————————— 2ta+2x fr————————
[[ 4 o +A?%| o [E s ot +A%| of
et p (-2+e7 1911942 o) 511 Yas2xp2it y(-24e7 194112 oP) 511
a#2x e T @+2x f2itor——————————
8¢ A’ all, 216117 4¢ A% S all, 2101 1]2
Ytas2xp y(2re sl A)oll) el s (24e7 1@ @0l P) sl
a+2xX A a+2x +7
[{ o +A%| o [ o +A%| &
Yardxpe2it y(24e 1w 1012 ) 511 Starbxfrt 3y(-20e 12 s Aol
e+ X pHiitwt+—— . e+ox p—-irtwt+——
4c A? Y2 all, 21 017 96“» tA? )2 all, 21 5[1Y
+
2 ,+2xﬁ+,v( 2067104194 2ol 2t”+2rier(fz‘f"w/“w? 1 /
a —_— E
[f o +A%| &f 4 o +A%| &
Slar6xgiit 3y (2ee 19w il P) o) 4)‘ 4y pit y(2ee 111012 P) o1l
. e+ox p+itwt+——— a+4x 74 w+7
9 i e o tA2 2 all, 21611F 967 ] tA? 2 all, 215117
+
y (206100 1012 P) s} ¢ (2019201942 P) o)
7 A o +A%| &

[ 2ta+2x g+ [ 2t¢r+2x/f+7
e e



In[260]:=

Out[260]=

Oout[261]=

Out[262]=

Out[263]=
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2y(-20e 12 ol P) 1) (<2471 210 2f WP) ol
. Adto+dx pitw+

27 (2re i 14 ) ol Sty fi el Aol
967 ¢ 7 tA2all, 21617 1676 T tA2 Y all, 216117
- +
y(-2¢e™ 14112 WP) 511 y(2¢e 101 1042 P) o1l
([}210+2xﬂ+f +A2 M5 [{2ta+2x/i+f +A2 w5
Ytai2x fostar y(-24e 111942 ) 511 6tri+6xﬁ+”"2+{ w1942 W2) ol
167 ¢ o tA?all, 216117 96¢ o £ A% Y2 all, 2) oIV
+ _
y(2ee 11w ) ol y(-2+e 101 1042 P) a1 ¢
[(2t0+2xﬁ+f +A2 w5 [{2trr+2x/f’+f +A2] w4
Stoid /sz(fsz”wmWﬂlw’]o‘m Dtae2 /N,v(fm*”wm“m?w’)om
@ X S — @ X —
96 ¢ 2 A2, all, 2161IF 166 2 A% all, 216117
+
(~2+e7 1@+t 12 P)olI) (2401wt 12 WP o10)
(EZt(/-ﬁZxﬂ-f-% +A2], w4 [621‘(1-4-2,‘(/94-} ) +A2]Zw4
all, 21 = Co[ 1, 2]
a =Co[2, 2]
y(-2ee 10 r 1002 P) o1l )
AE2 = Union[Flatten[CoeﬁicientList[Simpliﬁz[FUZ Denominator|[Together[FU2]]], Expand[{/”, 4 e o L f/"”}]m
LengthAE2)

Clear|a, @)

-12 §°
VB +45

{0, 384 A% 2 A B2 +4 5 o S, 1536 A* 2 A B2 +4 5 y o S1), 384 A° B2 A F2+4 5y o S11,
48 A% 57 57 SUIY, 192 A? 7 37 SLIV, 48 AS 57 3 51UV, —1927 A° 57 3 w 51UV, 1927 A% 57 37 w S1IT,
—7687 A* 52 3 w SV, 7687 A? 57 P w SUIY, —1927 A® 52 3 w S1IV, 1927 A® 5° ¥ w S1IV, 192 A% & ¥ & S1IT,
768 A* 52 32 & SUIY, —192 A% 52 37 & SV, -768 7 A% 82 N B2 +4 5 v o S5111-384 A% 5* o 811,
7687 A* B2 B +4 5 vy 5111 -384 A% 5 o 11N, —1927 A% 5 A 244 57 v 5111496 A2 5 o 5111 -48 A 5y o ST,
192; A2 2N G2 +4 8 o ST +96 A2 5 o 5111-48 A2 52y o 5111,
192 A9 57\ 57 +4 5 v 5111 +96 A® B o 5111 +48 A 57 y o 11,
1927 A% 52 NG +4 80 y o 011+ 96 AS g% o 5111 +48 A® 57 y & 5111, =192 A 57 & 65111+ 96 A° 7 v o ST11-96 A 5° 7 S[IT,
768 A* 5 o 5111+384 A 57 3P STIV, =192 A® 57 o 5111-96 AS 57 » o 5[11-96 A 5° ° 5[1]2}

25
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In[265]:=

Out[265]=

out[266]=

Oout[267]=

out[268]=

Out[269]=

Out[270]=

In[272]:=

out[272]=

Out[273]=

all, 2] = Co[l, 2]

a =Co[2, 2]

o1 =1

w=2r

SC2 = NSolve[Table[AE2[i] == 0, {i, 1, Length|AE21}], {A, £, »}, o]
Length[SC2]

Clearla, @, J, w]

—12 5°

B 44

2

40299A 1420038 69046 y
-/ NSolve: Infinite solution set has dimension at least 1. Returning intersection of solutions with - -
38602 115806 57903

=1

19857A 209935 27178y
' NSolve: Infinite solution set has dimension at least 2. Returning intersection of solutions with - + +
30458 30458 45687

131338676 249243357 131338676 249243357

{{Aa— ,/6’—»0,7—»——,{Aa——,ﬁ—»o,;/—»——},
11491675 22983350 11491675 22983350
2364096168 5067182049 2364096168 5067182049
{A—)O,ﬁ—) , V- A 50, 8> P
122272625 244545250 122272625 244545250

Co2 = Simplify[Table|Mean|Table[SC2[i, jl, {i, 1, Length[SC21}11, {J, 1, Length[SC2[I11}1] / Rule — List
Length[Co2]

65669338 1182048084 887060487971 442

RV 7
11491675 122272625 56204690715875
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all, 21 = Col 1, 2]

o =Co[2, 2]

A =Co2[l, 2]
4 =Co2[2, 2]
» =Co2?[3, 2]

/1t := 611 Coslw ]
u = Simplify[U]
2
u
Fu = Dlu, {t, 2)] -Dlu, {x, 2}] -D[u, {x, 4)] +D| —ix 2]| /1
2

Sl =1

w=2r

Plot3D[{u, Fu}, {t, 10, 10}, {x, —10, 10}, Mesh — None, PlotRange — All]
Plot3D[Fu, {t, —10, 10}, {x, —10, 10}, Mesh — None, PlotRange — All)

1
a&u20X20 = 702 NIntegrate[Abs[Fu]Z, {t, =10, 10}, {x, —10, 10}, WorkingPrecision - 6, AccuracyGoal — 0.1]
2

Plot3D[{u, Fu}, {t, 10000, 10000}, {x, —10000, 10000}, Mesh — None, PlotRange — All]

1
Fu20000X20000 = " Nlntegrate[Abs[Fu]Z, {t, =10000, 10000}, {x, —10000, 10000}, WorkingPrecision — 6, AccuracyGoal - 0.1 ]
2000
Clear{a, b, A, B, @, 8, 7, /., J, o]
Oout[274]=
12 5°
out[275]=
NG +4 5
Oout[276]=
65669338
11491675
out[277]=
1182048084
122272625
Oout[278]=
887060487 971442
56204690715875
Out[280]=
504 4 123299036162626181252047171436761 t 2364096168 x ??870604??797144217.’+7‘7 W?+2 Coslt wl) o111
61111571723024457147911223680278242105497054208 ¢ 14950594824 390625 P iaanas 7 6204690715875
N 504( 123299036162 626181252047 171436 761 1+573 540167090875 x) 887060487971 442(-2+1 o +2 Coslt 1) 5111 B
23920951719025 [132 058594305625 ¢ 14950594 824390625 +4312461953358244 ¢ 56204690 715875
(=1 + Cos[t w)) J[1]
wZ
out[281]=

—[[3 231031082989942897439211730082803698095050950249552296535762925621596053515834898810525046276096

504 N[123299036162626151 252047 171436761« 2364096168 x  504( N123299036162626 181252047 171436 761 1+573540167090875x) 887060487 971442 (~2+22 & +2 Coslt w)) 511)
+ + +
e 14950594 824390625 122272625 14950594 824390625 56204690715875 o /

[8 554908736214931322785204974290967 587890625

504( 4123299036 162626181 252047171436 761 1+573 540167090875 x) 887060487971442 (-2+ & +2 Coslt ) 511)
+

[132 058594305625 ¢ 14950594824 390625 +4312461953358244 ¢ 56204690715875 o
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(1 914010024 491626805896 018297345412781073335179287290766648942218846720477 790208 196 608

504 [123299036162626181252047 171436761 1 2364096168 x 887060487971 442(~2+ & +2 Coslt w)) 5111

e 14950594824 390625 122272625 56204690715875 o J/

[5 346817 960134332076740753 108931854 742431640625

504( V123299036 162626 181252047 171436761 1+573 540167090875 x) 887060487971442(-2+1 o +2 Coslt w)) 511]
+

[]32 058594305625 ¢ 14950594524 390625 +4312461 953358244 ¢ 56204690715875 o

1
—————————— < 61111571723024457 147911223 680278242 105497054208
23920951719025

504 [123299036162626181252047 171436761 1 2364096168x 887060487971 442(~2+ & +2 Coslt w)) 5(1]
e 14950594824 390625 * 122272625 * 56204690715875 o

[[4 669479043771019925446575022029897372571547514696908021219159202348096758910378291200000

2016( \[123299036 162626 181 252047 171436 76T 1+573 540167090875 x)
e 14950594824390625 ]/ 915539089830280164075121
504( 123299036 162626 181 252047 171436 761 1+573 540167090875 x) 887060487971 442 (=247 o +2 Cosit 1) 5111 O
(]32 058594305625 ¢ 14950594 824390625 +4312461953358244 ¢ 56204690715875 o ] -

[42 430974 538145221486420313619639691886190126974390111020832263 003465383936

1512( 123299036162 626181252047 171436 761 1+573 540167090875 x)
e 14950594824 390625 ]/[915539089830280164075 ]2]

5174( 'V 123299036162626 181252047 171436761 1*57354171671791)875,\‘) 887060487971 44.’[72”‘7 m" +2 Coslt w]) 5111
(132 058594305625 ¢ 14950594824390625 +4312461953358244 ¢ 5620690715875 o +

1008( 123299036 162626 181252047 171436761 l+57]540167(790r‘?75x)

[58571 069209994817 195746 990396272972285513010547524710681976832 ¢ 14950594524390625 )/

[572211 931143925102546950625

504( 123299036 162626 181 252047 171436 761 1+573 540167090875 x) 887060487971442(-2+1 o +2 Coslt w)) 511] ]4]

(132 058594305625 ¢ 14950594824 390625 +4312461 953358244 ¢ 56204690715875 o

504( 123299036 162626 181252047 171436 761 1+573 540167090875 x) ]

[13 200099492 173282743948 824 314940100294 787363 708928 ¢ 14950594824390625

[357632 456964 953189091844 140625

504( 'V 123299036162626181252047171436761 1*571540167091)875x] 887060487971 44.‘[72*22 o" +2 Coslt w]) 111 3
(132 058594305625 ¢ 14950594824 390625 +4312461953358244 ¢ 56204690715875 ] +
1

577894530123437106054 628 532426946597 341527350353 684299776

2924877559183449190625

504 N[123299036162626 181252047 171436761 1 2364096168 x  887060487971442(~2+1 & +2 Coslt w)) o111

e 14950594824390625 * 122272625 * 56204690715875 o
1512( 123299036 162626 181252047 171436 761 1+573 540167090875 x)
[—[[373 918222184334922946793536309233133656357 944 445428321340890624 000 ¢ 14950594824 390625 J/
[935 960818938703 741
5{!4[ '\IIJJJW{B(?16262611‘11252()47171456 761 t+573540167 090875 \] 8871761)487971443(72#12 W?+2 Cos[t w]) o11]
[132 058594305625 ¢ 14950594 824390625 +4312461953358244 ¢ 56204690 715875 o ]] +
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1008( 123299036162 626181252047 171436761 1+573 540167090875 x)
[10617963492373248110561 451285550417885450119402525696 ¢ 14950594524390625 )/
[4 679804 094693518705
504( NT23299036 162626 181252047 171436 761 1+573 540167090875 x) 887060487971442(~248 & 42 Coslt ) o11) Y
(]32 058594305625 ¢ 14950594824390625 +4312461953358244 ¢ 5620469715875 o ] ] —
504( N123299036 162626 181 252047 [71 436 761 1+573 540167090875 )
[5583571 290731554852699555796978 940957 696 ¢ 14950594824 390625 ]/[2924877559 183449190625
504( 723299036 162626 181 252047 171436 761 1+573 540167090875 x) 887060487971442 (247 & 42 Coslt ) 911}
[132 058594305625 ¢ 14950594624 390625 +4312461953358244 ¢ 5620469715875 o ]] +
1

2050211020607379970037 500646 032751563012668066166419578679499287552

357632456964953189091 844140625

504 (123299036 162626 181252047 171436761 t 2364096 168x 887060487971 442 -2+ & +2 Coslt ) 411)

e 14950594824 390625 * 122272625 * 56204690715875 w*
1008 123299036162 626181252047 171436 761 1+573 540167090875 x)
37427846760551240367877212082849083 029385600 ¢ 14950594824 390625
5174[ ‘\I1312991756I62616/8125]047I714}ﬁ 761 t+573540 1671790(\’75,\' 8870()04875/71443(72’12 A2 Coslt w)) 511) ¢ B
956838068761 [132 058594305625 ¢ 14950594824390625 +4312461953358244 ¢ 5624690715875 )
5/’4( A[123299036162626181252047 171436761 t+573 540167090875 l()
2361820710303505239089561350272 ¢ 14950594824 390625
5”4[ '\I 123299036162626 181252047 171436761 t+573 540167090875 ,\) 887060487971 442(72#2 W?+2 Cos[t w]) 611)
23920951719025 [132 058594305625 ¢ 14950594824390625 +4312461953358244 ¢ 6204690715875 o
504 ‘\l123299036 162626181252047171436761 t 2364096168 x 4 8871/604875/71443172*12 W?+2 Cvﬁ\lwl)v)l”
244446 286892097 828 591 644894721 112968421 988216832 ¢ 14950594824390625 122272625 6204690715875 "

+

504 /123299036 162626 181252047 171436761 887060487971 442 (2tw2 -2 w Sin[t &) 5111
14950594824 390625 56204690715875 o*

504( 123299036162626181252047 171436761 1+573540 167090875 x)

106492050448 056 /123299036162 626 181252047 171436761 ¢ 14950594824390625
+
23920951719025
887060487971 442 (=2+£ o +2 Coslt w)) 511
3825414604704241872999067267 848 ¢ 6204690715875 (2tzu2 -2 w Sin[t &) 5111 /
56204690715875 o/*
504( 123299036162 626181252047 171436 761 1+573 540167090875 x) $87060487971442(~247 o +2 Coslt 1) 5111 Y
[23 920951719025 [132 058594305625 ¢ 14950594824 390625 +4312461953358244 ¢ 56204690 715875 o ]] +

1

—|21161052751444008613153582877378025456464793434810205798240110271250432
2

504 A[123299036162626 181252047 171436761 t 2364096168 x 504( y123299036162626 181252047 171436 761 1+573 540167090875 x) 887060487971 442 (-2+£ o +2 Coslt ) 511)
e 14950594 824390625 e * 14950594 824390625 * 56204690715875 J/

504( 123299036 162626 181 252047 171436 761 1+573 540167090875 x)
[4679804 094693518705 (132 058594305625 ¢ 14950594824390625 +4312461953358244

887060487971 442(~2+£ & +2 Coslt w)) 5111

3
e 56201690715875 o ]]7[144473 632530859276513657133106736649335381837588421074944
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504 4[123299036162626 181252047 171436761 t 2364096168 x &V7116048797144Z1—2+[2 A2 Cos[t w)) o111
+ +
e 14950594524 390625 122272625 56204690715875 o )/ 2924877559183449190625
51)4[ '\I121199056I6]6]618125]04717143ﬁ 761 t+573540 1ﬁ7/]90875:) 837(760487971443(7}711 W?+2 Coslt w]) &11]
[132 058594305625 ¢ 14950594 824390625 +4312461953358244 ¢ 56204690 715875 o +

2 [7[[91 490981 669831828445694 502688602 521830095965240686327502299267 764940504 301975420005384192

504 123299036 162626181 232047 171436761 2364096168« 1008( \123299036162626 181252047 171436761 1+573540167090875x)  §87060487971442(~2+£ & +2 Coslt w)) a11]
e 14950594 824390625 * 122272625 * 14950594824 390625 * 56204690715875 /
5(/4( '\113529‘1036162 626181252047 171436761 1+573 540167090875 w)
915539089830280164075121(132058594305625 ¢ 14950594824390625 +

887060487971442 (-2+12 & +2 Coslt ) 511) ¢
4312461953358244 ¢ 56204 690715875 o' ] +

(433 003727203911686746139027639411607 104 606958439096004732477508481760578633728

504 A[123299036 162626 181252047 171436761 + 2364096168  504( 123299036 162626 181252047 171436 761 1+573540167090875x) 887060487971 442 (~2+£ o +2 Coslt w)) 511)
+ + +
e 14950594 824390625 122272625 14950594824 390625 56204690715875 /

504( N[123299036162626 181252047 171436 761 1+573 540167090875 x)

[572 211931143925102546950625 [132 058594305625 ¢ 14950594824390625 +

887060487971 442 -2+ o +2 Coslt ) 511]
4312461953358244 ¢ 56204690715875 o ] —

(341 549561043244557353189228043502047 678935949059 584624 445551214592

504 4 123299036162626181252047171436761 t 2364096168 x 887176048797144.’(7.7+[‘7 A2 Coslt w]) o11]
e eyt S0 715575 07 ] / 357632456964 953 189091 844 140625
504( "11232990361()]()3() 181252047 171436761 1+573 540167090875 Y' 837060487971442(72#" 42 Coslt w]) 111
[]32 058594305625 ¢ 14950594824 390625 +4312461953358244 ¢ 56204690715875 ]]
504 ‘\/12]2‘)9()16162626 181252047171436761 t 2364096 168 x &’{7{)&/}487971442[7}*#1 A2 Cos[t w]) 511]
+ +
- [61 111571723024457 147911223 680278242 105497054208 ¢ Se200690715875 ] /
[23 920951719025
504( A[123299036162626181 252047 171436 761 1+573 540167090875 x) 887060487971 442 (-2+£ o +2 Coslt 1) 511]
[132058594305625«? 14950594824 390625 +4312461953358244 ¢ 56204690715875 o —

(=1 +Cos[t w]) s[1]
——————— || -|61111571723024457 147911223 680278242 105497054208

wZ
504 "J12329‘7/)3616261618115.’0471714!6701 t 2364096168 x /?8706174/?7971442(72‘12 /,/-7+2C0v\1m”4[l]
+ +
887060487971442 ¢ 0715375 (247 =2 & Coslt ) 811

+
56204690715875 *

504 [123299036162626181252047171436761 t 2364096168 x  887060487971442(-2+7 & +2 Coslt w)) 511]

e 14950594824 390625 122272625 56204690715875 o

+

504 +[123299036 162626 181252047171436761 887 060487971442 (2t? -2 w Sin[t w)) 5111 /
14950594824 390625 56204690715875 o

504( 123299036 162626 181 252047 171436 761 1+573 540167090875 x) 887060487971 442 (~2+2 o +2 Coslt 1) 711] ]2]

[23 920951719025 [132 058594305625 ¢ 14950594524390625 +4312461953358244 ¢ 6204690715875 o
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1

23920951719025
61111571723024457147911223680278242105497054208
504 A[123299036162626 181252047 171436761 t 2364096 168x 887060487 971442 (~2+1 & +2 Coslt w)) o11]

e 14950594 824390625 * 122272625 * 56204690715875 o
504( ‘\/133299036152526151252047171136 761 t+573540 l670905‘75x)
106492 050448056 \/123 299036162626181252047 171436761 e 14950594824390625
+
23920951719025
887060487971442(-2+8 & +2 Coslt w)) 4[]
3825414604704241872999067267 848 ¢ 6204690715875 o (2ta/2 -2 w Sin[t a/]) o1 /
56204690715875 o*
5()4( “JIZJZQS?().M 162626181252047 171436761 /457554{)[67{)90875x) 887060487971 441(72vlz h/z+1('a:ll(a\)rf[” ¢
132058594305625 ¢ 14950594824390625 +4312461953358244 ¢ 56204690715875 ] -

504( N[123299036 162626 181252047 171436 761 1+573 540167090875 x)
6617705058330442459530187 950034963 334440970854464 ¢ 14950594824 390625
2 +
357632456964 953189091844 140625

887060487971 442 (-2+7 P2 Coslt @) 8111

3825414604704241872999067267 848 ¢ 56201690715875 o (27 =2 &7 Coslt w]) 8111

+
56204690715875 /*

887060487971442(-2+8 o +2 Coslt w)) 5(1)

3393374145942025701 251442894 752966226 788796816 & ssmommisorset (2t =2 w Sinlt ) SUY

3158967258467165419977015625 * /

132058594305625 ¢ 14950594824390625 +4312461953358244 ¢ 6204690715875

504( 123299036 162626 181 252047 171436 761 1+573 540167090875 x) 887060487971 442(-2+1 o +2 Coslt w)) 5111 ]’

out[282]=

out[283]=
2r

+  General: Exp[-3896.09] is too small to represent as a normalized machine number; precision may be lost.
-/ General: Exp[-3936.06] is too small to represent as a normalized machine number; precision may be lost.
+  General: Exp[-7832.15] is too small to represent as a normalized machine number; precision may be lost.

-/ General: Further output of General:munfl will be suppressed during this calculation.
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out[284]=
0
-50
-100
10
+  General: Exp[-7832.15] is too small to represent as a normalized machine number; precision may be lost.
-/ General: Exp[-3936.06] is too small to represent as a normalized machine number; precision may be lost.
+  General: Exp[-3896.09] is too small to represent as a normalized machine number; precision may be lost.
-/ General: Further output of General:munfl will be suppressed during this calculation.
out[285]=
5 10
0
-2x107°
-4x107°
-6x107°
-8x107°
out[286]=

5.90261 x 1071140

-+« General: Exp[-3.93606 x 106] is too small to represent as a normalized machine number; precision may be lost.
-+« General: Exp[-3.93606 x 106] is too small to represent as a normalized machine number; precision may be lost.
-+« General: Exp[-3.93606 x 106] is too small to represent as a normalized machine number; precision may be lost.

+=+) General: Further output of General:munfl will be suppressed during this calculation.
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out[287]=
-10000
0
-50
-100
-10000
10000
out[288]=

0
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