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“I've done my fair amount of burden. Toss it into the world. Then forget it.”

Abstract

This paper proposes a unified framework for understanding and computing Taylor-
Laurent Series, Puiseux Series, Fourier Series, and the Fast Fourier Transform (FFT)
algorithm. By examining the connections between these seemingly disparate mathe-
matical concepts, we show that they are not distinct, but manifestations of a single
computational principle. We explore their shared foundation in series expansion, their
computational embodiment via linear systems, and the central role of FFT as the
universal engine.
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Preface: On the Hidden Unity of Mathematics

This paper was not written to explain FFT or IFFT.
It was written to unify all power series methods into a single basket.
FFT and IFFT are simply computational tools used to prove my argument.

This paper was not born out of inspiration. It was born out of frustration—the frus-
tration that something so simple, so obvious in hindsight, was hidden from us for centuries.

The unity between Taylor series, Laurent series, Fourier series, and the FFT is not a deep
mystery. It is plain truth, once seen. Yet for over two hundred years, this truth has been
fragmented, compartmentalized, buried under layers of unnecessary abstraction and guarded
by gatekeepers of formalism.

Why has no one told us that the Fourier series is just the Laurent series on the unit
circle? Why was the computational power of FF'T never explained as a direct, mechanical
extractor of singularities in complex functions? Why did we learn each theory in isolation,
as if they were separate inventions?

This paper is not a synthesis—it is a revelation. A reclaiming of what was always there.

Let this serve as both an academic contribution and a call to arms: To seek clarity over
complexity, vision over ritual, and above all, to never again let beauty be obscured by
bureaucracy.

This paper may be challenging for those unfamiliar with the inner workings of the FFT.
It is written in a spirit of discovery—for readers who seek to understand Fourier analysis
and complex function theory not through reference, but through reconstruction. If you’ve ever
tried to implement the FFT from scratch, guided only by your own insight, then this paper
may feel like a mirror.

Project Repository: The complete C++ source code, numerical validation, and this paper
are available at: https://github.com/siliners/FFT-Unification


https://github.com/siliners/FFT-Unification

1 Introduction

The fundamental principles behind series expansions, such as Taylor-Laurent, Puiseux, and
Fourier series, have been widely applied across various fields of mathematics and computa-
tional science. However, despite their similarities in structure and purpose, these methods
are often treated as separate tools with distinct applications. The goal of this paper is to
demonstrate that these series, along with the Fast Fourier Transform (FFT) algorithm, can
be unified into a single conceptual framework, offering both theoretical and computational
insights. We will explore the mathematical relationships that allow this unification, along
with the computational advantages of employing FFT for evaluating these series.
The paper is structured as follows:

e 2 Background and Preliminaries provides background definitions and key concepts
behind each series.

3 Puiseux Series as a Specialized Laurent Series

4 Puiseux Series and Radix-Compatible FFT

5 Discussion and Conclusion

Appendix: Computational Validation of the Unified Framework

2 Background and Preliminaries

2.1 The True Face of FFT

The Fast Fourier Transform (FFT) is often perceived as simply an efficient algorithm for
computing the Discrete Fourier Transform (DFT). However, it is simply fast solver for system
of linear equations. For most people who have not derived and implemented the algorithm
from scratch, may not see it as fast solver for system of linear equations.

Given a function f(x), whether real-valued or complex-valued, we can perform an ap-
proximation using a polynomial of the form:

f@)=ao+az+ar® + - +ay 2" (Eq. 1)

In the case of a linear approximation (i.e., number of terms = N = 2), we have:

f(z) =ap + arx

To solve for the coefficients ag and a;, we can substitute N distinct values of x into the
equation and create a system of linear equations. Consider substituting + = 0 and x = 1
into Equation (Eq. 1):

L. f(0)=ap+a1-0=ap 2. f(1)=ap+a1-1=ay+a

This yields the system of equations:

()= () ()
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We can now solve this matrix system to obtain the coefficients ay and a;.

Next, let’s consider another substitution of distinct values of x, say + = —1 and x = 0:
L. f(=1)=ap+a1(—1)=a9—ay 2. f(0)=ay+a-0=ag

This yields the system of equations:

(o) = () G2)

Again, solving this system will yield the same coefficients ag and a;.

(Observation 1): Invariance of Coefficients

The key observation here is that the coefficients ay and a; are invariant, regardless of
which distinct set of values we substitute for x in equation (Eq. 1). This demonstrates
a fundamental property of linear systems: the solution to a system of linear equations is
independent of the specific choices of distinct values for x, as long as the system is consistent.
This observation is crucial because it shows that the choice of points for interpolation does
not affect the resulting linear approximation, as long as the points are distinct and the
system of equations is solvable. In numerical methods, this provides a powerful guarantee
that different sampling strategies (such as using different x-values for interpolation) will yield
the same results for the coefficients when solving the system of equations.

We now generalize this concept to an /N —1-order polynomial, or equivalently, to N terms.
By substituting the N-th roots of unity, distinct values for x in equation (Eq. 1), we form a
system of linear equations. The corresponding matrix form of the system can be written as:

f=Ca (Eq.2)

where f is the column vector of function values fy, f1,..., f;v_1, a is the column vector
of coefficients ag, ai,...,an_1, and C' is the N x N Vandermonde matrix. The entries of C'
are formed by the N-th roots of unity. Specifically, the matrix C' is:

1 1 1 .. 1
1 wt w? e wN-1)
=11 w? wt . wAN-1)
1 w(]\}—l) w2(f\f-1) . w(N—l')(N—l)
where w = €?>™/N is the primitive N-th root of unity. When constructing the Van-

dermonde matrix to evaluate N coefficients of a function, we are, from a mathematical
standpoint, free to choose any N distinct values of  within the domain of the function.
The common choice of using the N-th roots of unity is primarily for computational con-
venience—specifically, to exploit their elegant algebraic properties. However, selecting the
reciprocals of the N-th roots of unity is just as mathematically valid and leads to an equally
sound formulation.

2.2 Inverse Function and Representation of Coefficients

Now we introduce the inverse function of equation (Eq. 1), where the coefficients ag, aq, ..., an_1
are provided, and our goal is to evaluate the function values fy, f1,..., fv_1.
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This can be represented as:

a(t) = fo+ fit + fot> + -+ fnat" (Eq. 3)

Next, we substitute the **reciprocals™* of N-th roots of unity for ¢ in equation (Eq. 3)
to form a system of linear equations. The corresponding matrix form of the system can be
written as:

a=Df (Eq.4)

where a is the column vector of coefficients ag, a1, ..., ax_1 (which are provided), f is the
column vector of function values fo, f1,..., fxv_1 (which we aim to evaluate), and D is the
N x N Vandermonde matrix. The entries of D are formed by the **reciprocals** the N-th
roots of unity. Specifically, the matrix D is:

1 wt w2 o w- V-1
1 w2 w4 e w21
D=]1 w3 w8 e w31
1 w—(jv—1) w-z(N-1) N w—(N—'l)(N—l)
where w = €>™/N is the primitive N-th root of unity. When constructing the Van-

dermonde matrix to evaluate N function values from equation (Eq. 4), we are, from a
mathematical standpoint, free to choose any N distinct values of ¢ within the domain of the
coefficient a(t). The common choice of using the **reciprocals** of the N-th roots of unity
is primarily for computational convenience—specifically, to exploit their elegant algebraic
properties. However, selecting the N-th roots of unity is just as mathematically valid and
leads to an equally sound formulation.

Important Clarification:

In case of equation (Eq. 1), read this line carefully: the function values fy, f1,..., fv_1
are PROVIDED, and our goal is to evaluate the coefficients ag, aq,...,an_1.
In case of equation (Eq. 3), read this line carefully: the coefficients ag, a,...,ay_1 are

PROVIDED, and our goal is to evaluate the function values fy, f1,..., fxv_1.

Please pay special attention to (1) what are PROVIDED and (2) what are to be eval-
uated.

The problem is that CD = NI, where C' is the Vandermonde matrix in (Eq. 2), and D
is the Vandermonde matrix from (Eq. 4). To make (Eq. 1) and (Eq. 3) be inverse functions
to each other, we usually need to use one of the following three choices:

(%) D=1 (Eq.5),
o(2)-1 o,

() ()1 @



(Eq. 5), (Eq. 6), and (Eq. 7) are all valid choices. As long as their products are I or the
Identity matrix, (Eq. 1) and (Eq. 3) are inverse functions to each other.

In (Eq. 2), the column vector f is provided, the Vandermonde matrix C'is algorithmically
generated, and the column vector a is to be evaluated:

a=Cf (Eq. 8).

In (Eq. 4), the column vector a is provided, the Vandermonde matrix D is algorithmically
generated, and the column vector f is to be evaluated:

f=D"'a (Eq.9).

We can choose any equation among (Eq. 5), (Eq. 6), and (Eq. 7), and there can be
infinitely many choices.

DFT computes (Eq. 8) and outputs the column vector a, which are coefficients of the
function f(z) in (Eq. 1). DFT is called the FFT algorithm.

IDFT computes (Eq. 9) and outputs the column vector f, which are coefficients of the
function a(t) in (Eq. 3). IDFT is called the IFFT algorithm.

DFT and IDFT both compute coefficients: with proper sampling methods, the DFT yields
the Taylor coefficients of f(z), while the IDFT yields those of a(t), where f(x) and a(t) are
inverses. Neither DFT nor IDFT "transform” one function into another—they simply solve
systems of linear equations.

Please compare (Eq. 2) with (Eq. 4). C in (Eq. 2) and D in (Eq. 4) should be in-
verse matrices if (Eq. 2) and (Eq. 4) are to be inverse operations.

Please compare (Eq. 8) with (Eq. 9). C~!in (Eq. 8) and D! in (Eq. 9) should be
inverse matrices to each other if (Eq. 8) and (Eq. 9) are to be inverse operations.

All these things say the fact that as long as we choose two matrices they are inverse to
each other, (Eq. 1) and (Eq. 3) are inverse functions to each other. For C~! in (Eq. 8), we
will choose Vandermonde matrix whose entries are composed of the reciprocal of the N-th
roots of unity. For D! in (Eq. 9), we will choose (1/N) times Vandermonde matrix whose
entries are composed of the N-th roots of unity.

1 w1 w2 o w- V-1

1 w2 w4 o w2N-1)
cl=|1 w3 w . wED

1 w—(N—1) W—Q(IN—l) N w—(N—.l)(N—l)



1 1 1 . 1
] 1 wt w? . wN-1)
pl=_—_1|1 w? w? e wAN-1)
N
1 w(]\}—1) wz(fv—n o W(N—ll)(N—l)

Don’t get confused that the pair of matrices C~* and D! as chosen above is to make
them inverse to each other. C~! and D~! are "names” of two matrices, C~! does not need
to be the inverse matrix of C, and D~! does not need to be the inverse matrix of D. The
scaling factor % for D! is to make C~! and D~! be inverse matrices to each other. We can
reverse this. For example, remove the scaling factor % from D~!, and attach (or multiply) it
to C~1. There can be infinitely many different pairs of matrices, as long as they are inverse
matrices, that suffices. Our choice of the pair of the matrices C~! and D~ is for solely
computational convenience.

Important Warning: In this paper, we apply the scaling factor % to the IFFT. There-
fore, all sampled function values used for Taylor or Laurent series including Puiseux series
approximation must be divided by % In contrast, when using Fourier series approximation
directly, such scaling of the sampled function values is not necessary.

Clarification on Scaling: In the case of Fourier series, the exponential factor ¥ is
inherently built into the series formulation. Thus, no additional scaling is required for the
sampled function values when applying FFT. However, for Taylor or Laurent series, we must
explicitly introduce z = e*™*/N to sample on the unit circle. Consequently, to extract the
coefficients using FFT, the sampled function values must be artificially scaled by % This
compensates for the scaling factor implicitly handled in the inverse FFT (IFFT), ensuring
the resulting coefficients match the true analytic expansion. Sampled function values should
be compatible with IFFT, for with which we call FFT to extract the coefficients.

DFT (or FFT) and IDFT (or IFFT) are fundamentally (1) solvers for systems of linear
equations, but (2) they are inverse operations to each other.

Take note
1. DFT/IDFT are inverse operations. Both are solvers for system of linear equations.

2. We can arbitrarily exchange the entries, the N-th roots of unity in C', with the entries,
the reciprocals of the N-th roots of unity in D.

3. The factor (&) in (Eq. 9) can be removed and placed in (Eq. 8).

Simply put, DFT (or FFT) and IDFT (or IFFT) are solvers for the system of linear equa-
tions, but with the added condition that they must be inverse operations of each other.




Key Insight: Any set of N distinct values for z in equation (Eq. 1), or ¢ in equation (Eq.
3), within the domain of the respective function, can be used to construct the corresponding
Vandermonde matrices C' and D, provided that the product satisfies:

CD =kI, where ke C, k+#0,and I is the N x N identity matrix.

This is a critical condition that ensures the validity of the transformation between the sets
and provides a robust foundation for the subsequent steps.

2.3 Properties of Taylor-Laurent Series, Puiseux Series, Fourier
Series

When a function f(z) is given, whether z is real-valued or complex valued,

1. (Common Property) For all power series representations, we are ultimately trying
to solve the same fundamental problem: Given function values, we find the coefficients
of the series. Given coefficients, we reconstruct the function values. In both directions,
this requires solving a system of linear equations.

2. (Different Property) The only distinction lies in the sampling method. Different
power series representations use different sampling paths or domains, but the underly-
ing algebraic machinery remains the same.

In the case of Taylor, Laurent, and Puiseux series, if we want to approximate a function
using N terms, all we need are N distinct values of x within the function’s domain.
The one and only condition is that the values of x must be distinct.

For example, if we want to approximate a function using a Taylor series,

f(z) = ap+ ax +ayr® + - +ay_12™ ', (Taylor Series Approximation)

we insert N distinct values for z, set up a system of linear equations, and solve for the
coefficients. Voila—we obtain all a,,.

If we want to approximate a function using a Laurent series, assuming the function has
a singularity at x = ¢, specifically a pole of order 2, then:

f(x) = @ ioc)Q + (xcf 3 +ag +asr + - +ay_12V ", (Laurent Series Approximation)

Define the transformed function:
g(z) = (x — c)2f(x) =ag+ai(r —c)+ ax(z — 0)2 +--tay_1(z— C)N_1
Letting z = © — ¢, so that x = z + ¢, we rewrite:

glz+c)=ag+ a1z +asz® +asz® +-- +ay_12" !

Now, substitute any N distinct values for z, and solve the resulting system for the
coefficients. The solution yields all a,,.



Singularities? Fully Addressed with Rigor

Singularities? Well...

We are solving a system of linear equations to extract the coefficients of the Laurent
series. Are those the coefficients of f(z)? Yes—they are exactly the coefficients of the
function

9(z) = (z = ¢)*f(x),
which is analytic near x = ¢. As long as we substitute N distinct values for z into the
equation, we can recover the coefficients ag, aq,...,an—_1.

We choose: 4
r=c+z 2= /N L=01...,N-1.

This is Cauchy’s integral formula in disquise. The standard contour v around the singularity
is defined by:
|z —c| =,
with parametrization:
xy, = ¢+ re?™ kN
By Green’s Theorem, the value of the integral
1 f(z)

I ! AR
= o (=)t ‘

is invariant under smooth deformation of the contour =y, provided that f(x) is analytic in
the region enclosed. Therefore, we are free to normalize the radius to r = 1, reducing the
contour to the unit circle:

Ty, = ¢+ ¥R,

Then the discrete sum:

& (gl
Z (gNk ) . o~ 2mink/N (DFT, or FFT)
k=0

is a Riemann sum approximation of Cauchy’s integral. But due to the analyticity of g(x), the
convergence is not just good—it is exponentially fast. Applying the FFT to the vector

<%) returns the coefficients ag, aq,...,an_1, including those corresponding to singular

behavior.

e The singularity at = = ¢ is removed from g(z), turning it into a power series.

e Sampling at xp = ¢+ e2mik/N

corresponds exactly to evaluating over the unit circle.
e Green’s Theorem guarantees this deformation is valid and lossless.

e The FFT computes the Laurent coefficients directly: residues, poles, and regular
terms—in one pass.

Therefore:



FFT is the computational realization of Cauchy’s integral.
Singularities are not an obstacle—they are encoded, decoded, and resolved by the
FFT process itself.

This is the bullet-proof conclusion:

Let no doubt remain. Singularities are not bypassed.
They are not avoided.

They are extracted—with precision—by FFT.

”Wiait, isn’t this method already known? Aren’t there papers on this?” That’s a valid
question. The short answer is: No. The long answer is: we use a fundamentally different
sampling method. We extract all coefficients—singular or regular—in a single run of FFT.

The Missed Simplicity

We don’t even need to bring up Cauchy’s integral formula or Green’s the-
orem—

as long as we remember that we are simply solving a system of linear equa-
tions.

We have missed the simplest fact:

We are solving a system of linear equations—something most of us learned in early
adolescence—

hidden for centuries beneath layers of symbolic ritual and mathematical formalism.

To FULLY understand this, we must first revisit the sampling method used in Fourier
series approximation, as explained below.
If we want to approximate the function with a Fourier series:

f(x) = co+ c1e™ + c2e® 4 - 4 ey VDT (Fourier Series Approximation)

Assume the function’s interval is [0, 7], where T is the period. Then substitute N-distinct
angular equidistant values for x, i.e.,

2m
Tn = 271, form=0,1,..., N -1
and solve the resulting system of linear equations. We obtain all coefficients cg, ¢, ..., cy_1.

So, from Taylor series to Fourier series approximations, what we are actually doing is
solving a system of linear equations.

The sampling method z,, = %T" used in the Fourier series is, in fact, one piece of evidence
that the Fourier series is a special case of the Laurent series evaluated on the unit circle
centered at ¢ = 0.

When sampling function values for the Laurent series approximation, we use
Tp = C+ 627r7,k/N’

because the Laurent series is expressed in powers of x, without embedding exponentials. In
contrast, the Fourier series (see: Fourier Series Approximation) incorporates the exponential
factor e?** directly in its definition.
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Hence, the distinction lies not in the underlying mechanism, but in the sampling path
and the basis representation.

I will provide one more proof with full mathematical rigor in the next section.

Common Misconception: Many believe that FFT/IFFT (or DFT/IDFT) provide ap-
proximations. This is not the case. These transforms return exact coefficients under
specific conditions:

1. If the function f(z) is a polynomial, then FFT/IFFT for Taylor, Laurent, and Puiseux
series returns a finite number of non-zero coefficients, equivalent to exact alge-
braic or symbolic computation, regardless of whether the coefficients are real, complex,
floating-point, or symbolic.

2. If the function f(x) is composed of sinusoidal subfunctions, FFT/IFFT for Fourier
series returns a finite number of non-zero coefficients, again equivalent to exact
algebraic computation, independent of coefficient type.

3. If f(x) is neither polynomial nor sinusoidal, FFT/IFFT can return an infinite number
of non-zero coefficients, particularly when sampling N is infinite.

If there is any doubt, refer to the C++ experiment in the Appendix for verification.

The Fundamental Misconception: Cauchy’s Integral Is Not the
Only Way

Cauchy’s integral formula evaluates a single coefficient, via a continuous integral around
a contour of radius r—which may or may not be 1.
It is conceptually elegant, but operationally limited:

e One integral, one coefficient.

e Omne contour, one singularity.

e Continuous domain, symbolic result.

The Taylor-Laurent sampling method I propose is not symbolic. It is mechanical.
e We evaluate f(z) at N distinct points.

e We construct a Vandermonde matrix.

e We solve the linear system once.

The result: all N coefficients, including those associated with singularities, are ex-
tracted in a single computation.

This is not Fourier sampling. This is not an integral. This is not an approximation.

This is the answer—revealed by linear algebra, not hidden in a line integral.
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The FFT is not evaluating an integral.
The FFT is not tracing a contour.
The FFT is solving Va = f where V' is a matrix constructed from complex roots of unity.

Therefore:
Cauchy’s integral is an analog ritual. FFT is a digital extraction.

One is continuous, symbolic, and singular. The other is discrete, mechanical, and mas-
sively parallel. The choice is not philosophical—it is practical.

And I choose mechanics over metaphors.

2.3.1. Why This Method Cannot Fail

This Method Cannot Fail

This method cannot fail. The mathematics is exact, the logic is complete, and the
mechanism is mechanical.

1. The solution of a Vandermonde system is unique.
Given N distinct sampling points, the corresponding Vandermonde matrix de-
fines a system whose solution is a unique polynomial of degree at most N — 1.
This is not an assumption—it is a proven fact.

2. FFT and IFFT are dual solvers of that same system.
The FFT evaluates the polynomial at roots of unity. The IFFT inverts the pro-
cess. They are not transformations in the abstract—they are optimized matrix
multiplications in opposite directions. The FFT/IFFT pair is a fast solver for a
structured Vandermonde system.

3. The coefficients of any power series are uniquely determined.
Whether Taylor, Laurent, Puiseux, Fourier series, or what not, the coefficients
of a power series expansion are uniquely defined by the function. The difference
lies only in their sampling paths and basis choices. When sampled properly,
they emerge directly and completely and uniquely from the structure of the
Vandermonde system, which is the image of the function.

You may doubt it—but only because you do not understand the FET/IFFT algorithm.
Derive it from scratch—line by line—mnot from any preexisting reference, but from first
principles: the solution of a system of linear equations, which most of us learned in
early adolescence.
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2.4 Fourier series is a Special case of Taylor-Laurent Series

Proof: Fourier Series is a Special Case of Laurent Series

Claim: The Fourier series is a special case of the Laurent series evaluated on the unit circle
|z| =1cCC.
Start with the general Laurent series assuming center ¢ = O:
f(z)= Z a,z" (Eq. L1)

where z € C, and a,, € C are the Laurent coefficients.
Now specialize to the unit circle: Let z = ¢?| so that |z| = 1. Substituting into (Eq.
L1), we obtain:

oo

fe®) = Z ane™  (BEq. L2)

This is precisely the general form of the complex Fourier series:

o0

FO)= Y ce™ (Eq F1)

n=—oo

where ¢,, = a,, are the Fourier coefficients.

Clarification: Only the Sampling Method Differs Fourier series is a special case
of the Laurent series. The only difference lies in the sampling method.

e For the Laurent series, we sample at points on the unit circle centered at c:

T =c+ Nk =0,1,...,N—1

e For the Fourier series, we sample at angular intervals:

2mn
fﬂn:T, TLZO,L...,N—l
In the Laurent series, we let z = €? to map the function onto the complex unit circle.
In the Fourier series, the factor e is already built into the definition of the basis functions.

Therefore:
The series are the same. Only the sampling method is different.

Let there be no confusion: This is not two theories—it is one.
The difference is not in mathematics—it is in perspective.

Conclusion: Equation (Eq. L2) and (Eq. F1) are formally identical. Hence, the complex
Fourier series is the restriction of the Laurent series to the unit circle.

Therefore, the Fourier series is not merely related to the Laurent se-

ries—it s the Laurent series evaluated on |z| =1 or z, = %",

For a concrete demonstration, refer to the C++ implementation in the Appendix.
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2.5 Puiseux Series
3 Puiseux Series as a Specialized Laurent Series

3.1 Definition of Laurent Series

A Laurent series about a point 2, is an infinite series of the form:

f()= ) anlz—z)" (1)

n=—oo

This includes both negative and non-negative integer powers of (z—zy), and thus it generalizes
the Taylor series by accommodating singularities such as poles.

3.2 Definition of Puiseux Series

A Puiseux series around a branch point zj is of the form:
F(2) = an(z—2)"*, s €Zsg (2)
n=N

where the exponents are rational numbers rather than integers. The series allows for frac-
tional powers (e.g., square roots, cube roots), and is often used in algebraic geometry and the
study of Riemann surfaces to represent multivalued functions as single-valued in branched
covers.

3.3 Unification: Laurent Series with Rational Exponents
The classical Laurent series uses integer exponents:
Exponent set: Er.uent = Z

The Puiseux series generalizes this idea by allowing rational exponents with a fixed
denominator: n
Exponent set: Epuiseux = {— ‘ ned,se Z>0}
s

Thus, every Puiseux series can be viewed as a Laurent series whose exponents are rational
numbers. This completes the unification under the same coefficient extraction machinery.

3.4 Core Insight

If we allow the Laurent series to have rational exponents rather than being constrained to
integers, the Puiseux series becomes a **special case™* of the Laurent series. The power of
Puiseux lies in expressing functions around branch points, where fractional powers naturally
emerge.

Thus:

Therefore, the Puiseux series is not fundamentally distinct from the
Laurent series—it is the Laurent series extended to rational powers.
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Objective

Given a Puiseux series:

f(z) = atm (3)

our goal is to transform it into a Laurent series:
oo
g(w) = byuw" (4)
n=L

defined on the unit circle |{w| = 1 (refer Remark 1 below), such that the coefficients b,, can
be computed via the Fast Fourier Transform (FFT).

Remark 1. Since we approzimate around z = 0, we set z = re
1/m

with v = 1, giving
w = 2V = %™ hence lw| = 1. If the singularity is at z = ¢, we shift via * = z — ¢, and
again reduce the problem to a series centered at zero, with sampling on |w| = 1, as in the
Laurent series with singularities, which is demonstrated with C++ code in the Appendiz. As
long as we can reduce the Puiseux series to Laurent series format, the game is over.

Step 1: Rationalizing the Exponent
We perform a change of variable to eliminate the fractional exponent. Let:
wi=z"" = =™

Substituting into the Puiseux series , we obtain:

f(2) = flw™) =) apu” ()

k=L

This is now a Laurent series in integer powers of w.

Step 2: Making it FFT-Friendly
We sample f(w™) at N equispaced points on the unit circle:
w; = XN 5 =0,1,...,N —1

We compute:

fi=fwi) = f(z)
Then apply the FFT to (%) to retrieve the coefficients b, in the Laurent expansion of
g(w) = f(w™).
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Step 3: Recovering Puiseux Coefficients

Once we obtain:
g(w) = Z byw"
We can express:

[(2) = g(z™) = 3 b

Hence, the Puiseux coefficients a; are just relabeled Laurent coefficients by, fully recovered

by FFT.

Optional Note: Branch Cuts and Monodromy

If f(z) involves multivalued behavior due to roots, the transformation via w = 2'/™ unwraps
the Riemann surface and allows a full analytic continuation over w € S*. Each turn of z
becomes m turns of w, and the FFT over a full circle accounts for the monodromy structure.

Conclusion

By substituting w = 2!/, we flatten the Puiseux expansion into a Laurent series in w,
making it accessible to FFT. This transformation bridges a traditionally algebraic construct
with a fast computational pipeline.

4 Puiseux Series and Radix-Compatible FFT

To efficiently compute the coefficients of a Puiseux series with rational exponents k/q, we
require a change of variables to rationalize the powers, i.e., 2 = w9, reducing the Puiseux
series to a Laurent series in w. In numerical computation, we must construct sampling points
such that the total number of evaluation points satisfies:

gN =1,

where ¢ is given from the Puiseux series, and r, t are to be chosen strategically to suit radix-r
FFT algorithms. This means we determine the most convenient N using:

N=—.
q

If ¢ = s™, where s is a prime number and n € Z~, then choosing r = s gives

N =—=s"" wvalid for any t > n.

Thus, for any ¢t > n, the choice of N is compatible with radix-s FFT.

16



4.1 Case 1: ¢ = ab, where a and b are Distinct Prime Numbers

Here, ¢ is square-free and composed of two distinct primes. We want gN = r!, and the
optimal strategy is to choose r = lem(a, b) = ab. Then,

(ab)’

N = = (ab)'™", walid for t > 1.

We can perform radix-ab FFT or mixed-radix FFT depending on implementation.

4.2 Case 2: ¢ = a‘l?, where a, b are Distinct Primes

This generalizes the previous case by introducing exponent multiplicity. Choose r = lcm(a, b)
again, but raise it to a high enough power to dominate a°b?. That is,

T’t

F>a, N=—.
rt > ah?, —h
As long as t is large enough such that 7! is divisible by ¢ = ab?, then N € Z-o and FFT
applies.

Conclusion

Through this framework, we have shown that FFT is capable of evaluating not only Taylor
and Laurent series, but also Puiseux series—even when involving rational exponents. By
understanding the structural relationship between the fractional exponent denominator ¢
and the FFT’s radix-based requirements, we have demonstrated how to perform efficient
coefficient extraction under a variety of scenarios.

As we have proved the Puiseux series to be a specialized Laurent series through rigorous
mathematical language, we can equally apply FFT to the Puiseux series to extract all the
required coefficients with a single run of FFT, and reconstruct the original function with a
single run of IFFT. This applies regardless of whether the exponents are integer or rational.

If T had ventured into Puiseux series with the traditional toolkit of rigorous formalism
alone, I would have been blinded—just like anyone else. Mathematical rigor, of course,
matters, but intuition must never be silenced by it. True progress in mathematics begins
not with formalism, but with vision.

The FFT is not a limited tool for pure periodic functions—it is a universal computational
engine for complex analytic structures.

5 Discussion and Conclusion

The unification of Taylor-Laurent Series, Puiseux Series, Fourier Series, and the FFT algo-
rithm provides a novel framework for approaching series expansions in mathematical and
computational contexts. By recognizing their underlying similarities and leveraging the
power of FFT, we have opened new possibilities for efficiently solving problems that involve
these series.
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Future work can explore further refinements to the unification process, particularly in
multi-variable settings and more complex singularities. Additionally, research into the appli-
cation of FFT in other areas of numerical analysis and signal processing could benefit from
the insights presented in this paper.

When I began writing this paper, I believed its contents were well-known and almost
trivial—surely any mathematician or programmer would understand. But in proofreading
it, I realized: only a rare few can truly comprehend both the theory of mathematics and the
machinery of FFT. This paper is not a collection of known facts—it is a bridge few even
knew was missing.

Through this framework, we have shown that FFT is capable of evaluating not only
Taylor and Laurent series, but also Puiseux series—even when involving rational exponents.
By understanding the structural relationship between the fractional exponent denominator
¢ and the FFT’s radix-based requirements, we have demonstrated how to perform efficient
coefficient extraction under a variety of scenarios.

As we have proved the Puiseux series to be a specialized Laurent series through rigorous
mathematical language, we can equally apply FFT to the Puiseux series to extract all the
required coefficients with a single run of FFT, and reconstruct the original function with a
single run of IFFT. This applies regardless of whether the exponents are integer or rational.

If T had ventured into Puiseux series with the traditional toolkit of rigorous formalism
alone, I would have been blinded—just like anyone else. Mathematical rigor, of course,
matters, but intuition must never be silenced by it. True progress in mathematics begins
not with formalism, but with vision.

The FF'T is not a limited tool for pure periodic functions—it is a universal computational
engine for complex analytic structures.
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Appendix: Computational Validation of the Unified Frame-
work

This appendix presents empirical evidence generated via direct implementation of the
Fast Fourier Transform (FFT) and Inverse FFT (IFFT), demonstrating the extraction of
Taylor, Laurent, and Fourier series coefficients from sampled function values.

The implementation was written in modern C++ and compiled under multiple platforms
(MSVC, Clang, GNU, Intel), proving the cross-platform, algorithmic nature of the
unification.

Code Repository: All source code, example results, and this document are hosted publicly
at: https://github.com/siliners/FFT-Unification

A.1 C++4 Code Summary

A complete C++ source file—FFT-Unified.cpp—was developed to implement:
e [terative loop-based FFT and IFFT algorithms.
e Function sampling on the unit circle.
e Extraction of coefficients for:

— Taylor series of periodic functions
— Laurent series with known singularities

— Fourier series using traditional interval sampling
e Scaling flexibility via a scaling factor enum:

— No scaling
— Scale by N
— Scale only IFFT by 1/N
— Symmetric scaling 1/ VN

A.2 Output Results

The following are the exact outputs obtained by executing the algorithm.
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Taylor Coefficients of cos(x)

2?2 2t af

cos(x):1—§+5—a+---

Extracted coefficients (via IFFT on sampled values on the unit circle):

{ 1,
0,

0, -0.5, 0, 0.0416667, 0, -0.00138889, 0, 2.48016e-05,
-2.75573e-07, 0, 2.08768e-09, 0, -1.14706e-11, 0 }

Laurent Coefficients of f(z) = 3;% + % + 1+ 5x + 32> Extracted coefficients (after
rotation alignment):

{ 4,

2,1, 5,3,0,0,0,0,0,0,0,0,0,0, 0%

Laurent Coefficients of a Function with Singularity at + =1 Function:

7

T +24+3(x—1)+6(x —1)°

fz) =

2+33—1

After transformation into Taylor series centered at z =+ — 1:

{7,

5, 2,3, 6,0,0,0,0,0,0,0,0, 0,0, 0%

Fourier Coefficients of f(z) = 14+2cos(2z)+3sin(4z) Extracted via FFT on equidis-
tant samples over [0, 27]:

an:
bn =

A.3

{1, 0, 2,0, 0,0,0,0, 0%}
{0,0,0,3,0,0,0, 0%}

b 3 3 3

Remarks

All results were extracted without symbolic manipulation.
No numerical integrals (e.g., Cauchy’s contour) were used.
No matrix solvers were employed.

Everything was derived from sampling and iteration—a reflection of the mechanical
nature of FFT.

Conclusion: This appendix serves as the final nail in the coffin of fragmentation.
Taylor, Laurent, Puiseux, and Fourier series are computationally inseparable
under FFT.

The dream of unification is no longer theoretical—it is empirical.
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Appendix B: Full C++4 Implementation (FFT-Unified.cpp)

/ *
Author: By Thomas Kim
Date: April 9th 2025

MSVC C++ compiler
cl FFT-Unified.cpp /Fe: m.exe /std:c++latest /EHsc /mologo

LLVM Clang
clang++ -std=c++23 FFT-Unified.cpp -o c.eze

GNU G++
g++ -std=c++23 FFT-Unified.cpp -o g.eze

Intel C++ compiler
icx-cl FFT-Untfied.cpp -o i.exe -Qstd=c++23 /EHsc /mologo
*/

#include <iostream>
#include <complex>
#include <cmath>
#include <numbers>
#include <vector>

using cplx = std::complex<double>;
using cplx_numbers = std::vector<cplx>;

using call_counts = std::vector<int>;
using call_ptr_counts = std::vector<intx*>;

using real_parts = std::vector<double>;

double adjust_zero(double 4d)

{
constexpr auto epsilon =
std::numeric_limits<double>::epsilon() * 10 * 10;
return std::abs(d) < epsilon ? 0.0 : d;
}
cplx adjust_zero(const cplx& c)
{
return { adjust_zero(c.real()), adjust_zero(c.imag() )I};
}

auto cplx_to_double(const cplx_numbers& c)
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std:

std:

real_parts r( c.size() );

=0; n < c.size(); n++)
adjust_zero(c[n].real ());

for(int n
r[n] =

return r;

:ostream& operator << ( std::ostream& os,

if (c.empty())

{
os <<"{ }"; return os;

+

else

{
os <<"{ n;
for(int i = 0; i < c.size()-1; ++i)

os << adjust_zero(c[i]) <<, ";

os << adjust_zero(c.back()) << " }";
return os;

}

:ostream& operator << ( std::ostream& os,

if (c.empty())

{
os <<"{ }"; return os;
}
else
{
os <<Il{ n;
for(int i 0; 1 < c.size()-1; ++1i)
os << c[i] <", ",
os << c.back() << " }";
return os;
}
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95 | std::ostream& operator << ( std::ostream& os, const real_parts& c)
oa | {
95 if (c.empty())

96 {

97 os <<"{ }"; return os;

98 }

99 else

100 {

101 os <<"{ ";

102

103 for(int i = 0; i1 < c.size()-1; ++1i)
104 os << c[i] <<, ";

105

106 os << c.back() << " }";

107

108 return os;

109 }

110 }

111

112 |int reverse_bits(int x, int numBits)

113 {

114 int reversed = 0; // N = 16, numBits = log2(16) = 4
115

116 // 1 =0, 1, 2, 3

117 for(int i = 0; i < numBits; ++1i)

118 {

119 if(x & (1 << 1))

120 {

121 reversed |= 1 << (numBits-1 - i);
122 }

123 }

124

125 return reversed;

126 }

127

128 | /%

129 using cplx = std::complex<double>;

130 using cplxz_numbers = std::vector<cplz>;
131 | */

132 |void shuffle_coefficients(cplx_numbers& data)
133 {

134 int N = data.sizeQ; // 1, 2, 4, 8, 16, ... 2°n, n = 0, 1, 2,

136 // N = 16, numBits = 4
137 int numBits = log2(N); // N = 16, 10g2(16) = log2(2°4) = 4
log2(2) = 4;
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void fft_loop(cplx_numbers& coeffs,

{

for(int x = 0; x < N; ++x)
{
int reverse_index = reverse_bits(x, numBits);
if (reverse_index > x)
{
std::swap(datal[x], datalreverse_index]);
}
}

bool postive
constexpr auto pi =
int N = coeffs.size();

cplx_numbers power (N);

for(int n = 0; n < N/2; ++n)
power [n]= postive 7 std::exp( cplx{ 0.0,
std::exp( cplx{ 0.0,

shuffle_coefficients (coeffs);

= true)

std::numbers::pi_v<double>;

2 x pi *n / N } )

-2 % pi *xn / N } );

2*])7;*

-2 * pi ¥ j / lenk

- w * right_odd;

for(int len = 2; len <= N; len *= 2 )
{
for(int i = 0; i < N; i += 1len)
{
for(int j = 0; j < len/2; ++j)
{
auto left_even = coeffs[i+j];
auto right_odd = coeffs[i+j + len/2];
// auto w = postive ? std::ezxzp( cplz{ 0.0,
j / len}t )
/7 std::exp( cplz{ 0.0,
)
auto w = power[j * (N/len)];
coeffs[i+j] = left_even + w * right_odd;
coeffs[len/2 + i+j] = left_even
}
}
}
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183

151 [enum class scaling_factor { NO_Scaling, FFT_N, IFFT_N, Both_sqrt_N
s

185

156 | template<scaling_factor factor>

157 |auto get_fft_ifft ()

158 | {

189 if constexpr (factor == scaling_factor::NO_Scaling)

190 {

191 auto fft = [](cplx_numbers& coeffs)

192 {

193 fft_loop(coeffs, false); // e -2pi i /N

194 };

195

196 auto ifft = [](cplx_numbers& coeffs)

197 {

198 fft_loop(coeffs, true); // e 2pi © /N

199 };

200

201 return std::tuple{ fft, ifft I};

202 }

203 else if constexpr(factor == scaling_factor::FFT_N)

204 {

205 auto fft = [](cplx_numbers& coeffs)

206 {

207 fft_loop(coeffs, false); // e -2pi @ /N

208

209 double N = coeffs.size();

210

211 for(int i = 0; i < coeffs.size(); ++i)

212 coeffs[i] /= N;

213 };

214

215 auto ifft = [](cplx_numbers& coeffs)

216 {

217 fft_loop(coeffs, true); // e 2pi < /N

218 };

219

220 return std::tuple{ fft, ifft };

221 }

222 else if constexpr(factor == scaling_factor::IFFT_N)

223 {

224 auto fft = [](cplx_numbers& coeffs)

225 {

226 fft_loop(coeffs, false); // e -2pi ¢ /N

227 e
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auto ifft = [](cplx_numbers& coeffs)

{
fft_loop(coeffs, true); // e 2pi © /N
double N = coeffs.size();
for(int i = 0; i < coeffs.size(); ++1i)
coeffs[i] /= N;
s
return std::tuple{ fft, ifft };
}
else // factor == scaling_factor::Both_sqrt_N
{
auto fft = [](cplx_numbers& coeffs)
{
fft_loop(coeffs, false); // e -2p1 ¢ /N
double N = std::sqrt(coeffs.size());
for(int i = 0; i < coeffs.size(); ++1i)
coeffs[i] /= N;
s
auto ifft = [](cplx_numbers& coeffs)
{
fft_loop(coeffs, true); // e 2pi & /N
double N = std::sqrt(coeffs.size());
for(int i = 0; i < coeffs.size(); ++1i)
coeffs[i] /= N;
s
return std::tuple{ fft, ifft };
}

void test_Laurent_vs_Fourier_with_FFT_IFFT()
{
using enum scaling_factor;

auto [fft, ifft] = get_fft_ifft<IFFT_N>Q);

constexpr auto pi = std::numbers::pi_v<double>;

26




299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

// periodic cos function

auto f_cos = [](auto x)
{
return std::cos(x);
};
// function with singularity at = = 0, center c = 0.0

// we assume we know the center of the function,
// but we do not know the coefficients:4.0, 2.0, 1.0, 5.0, 3.0

auto f_sgt_zero = [](auto x)
{
return 4.0 / (x*xx) + 2.0 / x + 1.0 + 5.0 * x + 3.0 * x * Xx;
};
// function with singularity at = = 1, center c = 1.0

// we assume we know the center of the function.

// but we do not know the coefficitent: 7.0, 5.0, 2.0, 3.0, 6.0
// thtis function <s hard-coded, that is, my algorithm does not
// know the coefficients

auto f_sgt_one = [](auto x)
{
return 7.0 / ( (x - 1.0)*%x (x - 1.0) ) + 5.0 / (x - 1.0)
+ 2.0 + 3.0 * (x - 1.0) + 6.0 * (x - 1.0) * (x -
1.0);
};
int N = 16; // N =2"n = 1, 2, 4, 8, 16, ..., n =0, 1, 2, 3,

auto w = [N, pi](auto n)

{
// N-th roots of wunity, e (2 pi ¢ k / N)
return std::exp( cplx{ 0.0, 2 *x pi * n / N 1});
};
auto g_stg_one = [f_sgt_one] (auto z)
{
/*
f(z) =70/ ( (z - 1.0)0% (z - 1.0) ) + 5.0/ (z - 1.0)
+ 2.0+ 3.0 % (z - 1.0) + 6.0 ¥ (z - 1.0) * (z
1.0);
glz + 1.0) = 7.0 / (z%xz) + 5.0 / =z

+ 2.0 + 3.0 ¥ z + 6.0 * z * z;
Step 1. we transform function f(z) to function g(z).

we let ¢ - 1.0 = z, then =z = 2z + 1.0
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329

330

331

333

334

335

336

337

338

339

340

341

343

344

345

346

347

348

349

350

356

};

*/
auto x = z + 1.0; // 1.0 is the center

return f_sgt_one (x);

std::vector<cplx> fn_cos(N);
std::vector<cplx> fn_sgt_zero (N);
std::vector<cplx> fn_sgt_one(N);

// Sampling for Taylor-Laurent series: c + e (2 pt © k /N )
// The reason we have divide the function values with N
// is to match the ezpected function wvalues format of FFT,
// or the generated results of IFFT_N
for(int n = 0; n < N; ++n)
{
fn_cos[n] = f_cos( w(n) ) / (double)N;
// In this case, we have to rotate 2 places due to z~-2,
// because 4.0 / (z*z) + 2.0 / =z + 1.0 + 5.0 ¥ z + 3.0 * z
*
// ts Laurent sertes. We transform 4t to Taylor serties
format LATER.
// fn_sgt_zero[n] = w(n) * w(n) * f_sgt_zero( w(n) ) /
(double)N;
// or we can rotate 2 places in the following case
fn_sgt_zero[n] = f_sgt_zero( w(n) ) / (double)N;
// we can rotate 2 places due to z -2,
// because 7.0 / (z*z) + 5.0 / z + 2.0 + 3.0 * z + 6.0 * 2
* 2z
// has negative power 2, we can rotate Later as in the
above case,
// but if we multiply w(n), twiddle factor, we are actually
rotating once.
// so, we can rotate twice by multiplying w(n), (one
property of N-th roots of wunity)
// which amounts to Transforming Laurent series to Taylor
series, the end result
// looks like 7.0 + 5.0 * z + 2.0 * z°2 + 3.0 * 2°3 + 6.0 *
274,
// which ts Taylor series.
fn_sgt_one[n] = w(n) * w(n) * g_stg_one( w(n) ) /
(double)N;
}
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360

361

362

363

364

365

366

367

368

369

370

388

389

390

391

392

393

394

395

396

397

398

399

// Input: function wvalues matching the format of FFT,
// Ouput: coeffictients of the function.
// The Input and Output can be reversed.

fft(fn_cos); fft(fn_sgt_zero); fft(fn_sgt_one);

// we take only real wvalues from the fft returned values
std::cout << "Taylor coefficients of cos(x): "
<< cplx_to_double(fn_cos) << std::endl << std::endl;

std::cout << "Laurent coefficients of f_sgt_zero(x): ";

// we have to rotate 2 places

// fn_sgt_zero.rbegin() + 2 accounts for w(n) * w(n)

std::rotate(fn_sgt_zero.rbegin(), fn_sgt_zero.rbegin() + 2,
fn_sgt_zero.rend());

std::cout << cplx_to_double(fn_sgt_zero) << std::endl <<
std::endl;

// because we multiplied w(n) * w(n) when sampling
// we don’t meed to rotate 2 places
std::cout << "Laurent coefficients of f_sgt_one(x): "
<< cplx_to_double(fn_sgt_one) << std::endl << std::endl;

// Sample for Fourter-Series (or Discrete Fourter Transform)

// Fundamentally Taylor-Laurent sertes and Fourier series

// are the Same. It ts Thomas Kim who saw thts for the first
time in Human History.

// periodic 1.0 + 2 * cos(2z) + 3 * sin(4z) function
auto f_cos_plus = [](auto x)

{
return 1.0 + 2.0 * std::cos(2.0 * x) + 3.0 * std::sin(4.0
Xx);

};

// Sampling for Fourier serties

// we are sampling f(z) = 1.0 + 2 * cos(2z) + 3 * sin(4x)
// this 4s for Fourtier sertes

std::vector<cplx> fn_cos_fourier (N);

for(int n = 0; n < N; ++n)

{
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100

101

102

103

404

105

106

107

108

109

110

int

{

// sampling at equidistant N points over the whole pertiod
or wnterval
fn_cos_fourier[n] = f_cos_plus( 2 * pi * n / N);

fft(fn_cos_fourier) ;

std::vector<double> an_cos, bn_cos;

// Bn -Im(Can) * (2/N)

// A0 Re(a0) / N,
an_cos.emplace_back( adjust_zero (fn_cos_fourier [0].real() / N

) )5

for(int n = 1; n <= N/2; ++n)
{
// An = Re(an) * (2/N)
an_cos.emplace_back( adjust_zero(fn_cos_fourier[n].real() =*

(2.0/N) ) );

// Bn = Im(an) * (-2/N)
bn_cos.emplace_back( adjust_zero(fn_cos_fourier[n].imag() *

(-2.0/N) ) );

std::cout <<"Fourier Coefficients of 1.0 + 2 * cos(2x) + 3 *
sin(4x)\n";
std::cout <<"an
std::cout <<"bn

" << an_cos << std::endl;
" << bn_cos << std::endl << std::endl;

main ()

test_Laurent_vs_Fourier_with_FFT_IFFT();

Listing 1: Complete FFT-Based Series Coefficient Extractor in C++
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