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Abstract

Peter Woit’s 2002 paper, “Quantum Field Theory and Representations Theory: A
Sketch” (arXiv:hep-th/0206135), proposes a geometric framework for the Standard Model
using Clifford algebras in Euclidean space-time. This paper aims to elucidate the mathe-
matical foundations of Woit’s approach, focusing on the role of the Clifford algebra Cl(2), its
extension to Cl(4), and the construction of the spin representation that yields the quantum
numbers of a Standard Model generation of leptons and quarks. By breaking down the alge-
braic structures and their physical interpretations, we make Woit’s ideas more accessible to
a broader audience, including students and researchers in particle physics and mathematical
physics.

1 Introduction

The Standard Model of particle physics describes the fundamental particles and their interac-
tions via the electroweak and strong forces. In his 2002 paper, Peter Woit proposes a novel
geometric interpretation, suggesting that the particle content and symmetries of the Standard
Model can be derived from the properties of Clifford algebras in a four-dimensional Euclidean
space-time. This approach contrasts with the traditional Minkowski space-time framework and
offers a unified perspective on space-time and internal symmetries.

Woit’s key insight is to use the Clifford algebra Cl(4, 0), associated with Euclidean four-
dimensional space, and its spin representation to classify particles. For pedagogical clarity, we
start with the simpler case of Cl(2), which Woit uses to describe a generation of leptons, and
then discuss its extension to Cl(4). This paper provides a step-by-step mathematical derivation,
focusing on the algebraic structures and their physical implications, to make Woit’s ideas more
accessible.

2 Clifford Algebras: A Brief Overview

A Clifford algebra Cl(n) (or Cl(p, q)) is a mathematical structure that generalizes complex
numbers and quaternions, incorporating a geometric product. For a real vector space V of
dimension n with a quadratic form Q, the Clifford algebra is generated by vectors ei ∈ V (for
i = 1, . . . , n) satisfying:

eiej + ejei = 2Q(ei, ej),

where Q(ei, ej) is the inner product. In Euclidean space, Q(ei, ej) = δij , so:

eiej + ejei = 2δij .

For i = j, this implies e2i = 1, and for i 6= j, eiej = −ejei, indicating that the basis vectors
anticommute.
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The algebra Cl(n) is graded, with elements of the form:

Cl(n) =
n⊕

k=0

Λk(Rn),

where Λk(Rn) is the space of k-forms (antisymmetric tensors of rank k). The dimensions of
these subspaces follow the binomial coefficients, so for Cl(2):

dim(Cl(2)) = 22 = 4,

with components: - Λ0: 1 (scalar), - Λ1: e1, e2 (vectors, dimension 2), - Λ2: e1e2 (bivector,
dimension 1).

Thus, Cl(2) has the structure 1⊕ 2⊕ 1, which Woit notes is isomorphic to the quaternions
H.

3 The Spin Representation for Cl(2)

Woit constructs the spin representation of Spin(2n), the double cover of SO(2n), using the
exterior algebra over a complex vector space. For n = 2, we consider Spin(4), but Woit simplifies
the discussion by focusing on Cl(2) to describe a single generation of leptons.

3.1 Complexification and Spinors

Start with R
2, with basis {e1, e2}. Complexify to form C

2, and consider the exterior algebra:

Λ∗(C2) = Λ0(C2)⊕ Λ1(C2)⊕ Λ2(C2),

where: - Λ0(C2) = C, - Λ1(C2) = C
2, - Λ2(C2) = C.

The total dimension is 1+ 2+1 = 4, matching the real dimension of Cl(2), but now over C.

3.2 Action of U(2)

Woit considers a U(2) ⊂ SO(4) (or more precisely, U(2) ⊂ SpinC(4)) subgroup, which corre-
sponds to the electroweak symmetry of the Standard Model after symmetry breaking, SU(2)×
U(1). The spin representation Λ∗(C2) transforms under U(2), and Woit assigns quantum num-
bers to each component:

- Λ0(C2): A scalar with SU(2)×U(1) charges (0, 0), identified as the right-handed neutrino
νR. - Λ1(C2): A doublet under SU(2), with charges (1/2,−1), identified as the left-handed
lepton doublet (νL, eL). - Λ

2(C2): A scalar with charges (0,−2), identified as the right-handed
electron eR.

These assignments are summarized in the following table:

Component SU(2)×U(1) Charges Particles

Λ0(C2) (0, 0) νR
Λ1(C2) (1/2,−1) νL, eL
Λ2(C2) (0,−2) eR

Table 1: Lepton generation in Woit’s spin representation.
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3.3 Physical Interpretation

The quantum numbers match the Standard Model’s electroweak structure: - The left-handed
doublet (νL, eL) transforms as a 1/2 under SU(2), with hypercharge −1. - The right-handed
electron eR is an SU(2) singlet with hypercharge −2. - The right-handed neutrino νR, with
charges (0, 0), is not part of the minimal Standard Model but appears in extensions involving
neutrino masses, such as the seesaw mechanism.

The hypercharges are consistent with the Gell-Mann–Nishijima formula, Q = T3 + Y/2,
where Q is the electric charge, T3 is the third component of the SU(2) isospin, and Y is the
hypercharge.

4 Extension to Quarks

For quarks, Woit applies a similar construction but adjusts the “vacuum” vector’s transforma-
tion under U(1). He assigns a hypercharge of 4/3 to the vacuum state, ensuring that the average
U(1) charge of a generation (leptons and quarks) is zero. This adjustment yields the correct
quantum numbers for a generation of quarks, such as: - Left-handed quark doublet (uL, dL):
(1/2, 1/3), - Right-handed up quark uR: (0, 4/3), - Right-handed down quark dR: (0,−2/3).

This matches the Standard Model’s quark sector, demonstrating the versatility of Woit’s
framework.

5 From Cl(2) to Cl(4): Euclidean Space-Time

Woit’s full proposal involves Cl(4, 0), the Clifford algebra of four-dimensional Euclidean space.
Here, Spin(4) ∼= SU(2)×SU(2), and the spin representation is more complex, involving Λ∗(C4).
However, Woit simplifies the discussion by focusing on a U(2) ⊂ Spin(4) subgroup, effectively
reducing the problem to the Cl(2) case for a single generation. The Euclidean signature avoids
issues with the path integral in quantum field theory, which is ill-defined in Minkowski space
due to oscillatory behavior.

6 Discussion and Implications

Woit’s approach provides a geometric foundation for the Standard Model, deriving particle
content and symmetries from the structure of Clifford algebras. The use of Cl(2) to describe
a lepton generation, and its extension to quarks, highlights the power of this framework. The
inclusion of a right-handed neutrino suggests potential connections to physics beyond the Stan-
dard Model, such as neutrino mass generation.

This framework also unifies space-time and internal symmetries, as the U(2) symmetry
emerges naturally from the geometry. While Woit’s paper is a sketch, lacking detailed dynamics
(e.g., interactions or mass generation), it offers a compelling perspective that could inspire
further research into geometric approaches to particle physics.

7 Conclusion

By leveraging Clifford algebras and spin representations, Woit’s proposal offers a novel interpre-
tation of the Standard Model, rooted in the geometry of Euclidean space-time. This paper has
detailed the mathematical basis, starting with Cl(2), to make these ideas accessible to a wider
audience. Future work could explore the dynamics of this framework, potentially addressing
open questions like matter-antimatter asymmetry or the origin of particle masses.
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